1. OnpeaeneHne aHTaroHUCTUYECKOW WUrPbl U ee peLueHus.
[Tyers dyvukuusa F(z, y) onpejgeieHa Ha IeKapTOBOM MPOH3BEIeHHH
N x Y, rae X,V — MHONKecTBa NPOH3BOIBHOI TPHPO/ILL.
Onpedeaenue. [apa (2% y") € X x YV naswaerca cedaosotdi moukoii
byvaxkmun F(z,y) na X x Y, ecom
Flr, ") < F(2" ") < F(2"y) Yz X, YyeY
WIH, 3KBUBAJIEHTHO,

(2.1)
o0y LI | ., 0

Onuimen antaroHncTHYecKyo urpy. B Hell npuanMalor yuactue Jpa ur-
poka 1 u 2 (nepseiii u Bropoii). Mrpok 1 eeibupaer cTpaternio = U3 MHOMKe-
cTBa cTpaTernii X', nrpok 2 BelOUpaeT cTpaTeruio y U3 MHOXKECTBA CTpaTeruii
Y. Hopuansraa dopya urpel noapazyMepaer, 4TO KaK/Iblii HTPOK BLIODHpAa-
€T CBOIO CTPATErHI0 HE3ABHCHMO, He 3HAs BHIDOpa maprHepa. 3ajgaHa @dyHk-
yus evuzpoiue F(z, y) nepeoro urpoka, onpejaetentas Ha X x Y. Beiurpein
F(z,y) nepsoro urpoka fBJisieTcs NpourpeinieM iis sroporo. Lleas nepsoro
HI'POKA COCTOHT B VBEJHYEHHH CBOETO BRIMTpHIA F(7,y), a neas Broporo —
B ymenbimenun F(x,y). Takum obpa3oM, aHTArOHHCTHYECKAS HIPA 3a/1aeTCs

HADOPOM T — (X, Y, F(z,y))

Onpedeaenue. Tosopat, 4To anTaronucTHYecKad urpa [ unmeer pewenue,
ecin pyukuua F(z,y) maeer na X x Y cemnosyio Touky. Iyers (2%, y%) —
ceayosas Touka dyukuun F(z,y). Toraa tpoiika
(2% 9%, v = F(2°4")) naseiaerca pemennem urpsl, 2°,y° — onmumanvini-
M1 CTPATErHAMH HIPOKOB, a U — JHAUYEHUEM HIPEL

[Tokazken, 9T0 3HAYCHHE UTPLI HE 3aBHCHT OT BLIDOPA CeJLI0BON TOUKH.

Jdemma 2.1. BEerm (2% 4%), (2*,y*) — ase cemnopbie Toukd hyHKIHN
F(xz,y) na X x Y, 10 F(2° 4") = F(2*,y*).

Onpedeaenue. Autaronucrudeckas urpa I' nassiaerca mampuyHot, ecan
MHOZKeCTBa crpaternii urpokos koneunel: X = {1,...,m}, Y = {1,...,n}.
[Ipu sToM npuHATO 0003HAYATL CTPATErHIO IEPBOTO HIPOKA Uepes i, cTpa-
TErHI0 BTOPOTO “epe3 j, a BeIUIpeII nepeoro F(i,j) wepes a;;. Marpuia
A = (@yj)mxn HazbIBaeTCH MaTpuueil urpet. Ilepsoiii urpok eeibupaer B Heit
HOMEp CTPOKH i, a Bropoll — HoMep cTosbna j.

B oboznauennax marpuunoii urpst (i°, ;%) — cennosas Touka MaTpHIBI

A, ecin aio < aop < apj, i=1,..m, j=1.n.



2. Teopema 0 Heo6xoAMMOM U AOCTAaTOYHOM ycnoBun cyuwiectBoBaHusA
ceanoBon Touku. Metog noucka ceanoBbIX TOYEK.

Pacemorpum urpy [' ¢ Toukn 3penns nepsoro urpoka. [lvers on Beibpan
CTpaTeruio r. flcHO, YTO ero BREIMTPHII OVIeT He MeHBIIe, deM in}ti Flx, y).

IS
Bemuuuny inf F(x,y) Ha30BeM 2apaHmupoeaHibim PE3YALIMATIOM (Gbiuzpbl-
yeY
wem) 1A nepsoro urpoka. Hawnyammii rapanTupoBadibiii pesysTrar s

NepBOTO HIPOKA ¥ = SUp in}li F(z, y) nazeiBaercd HUNCHUM 3HAYEHUEM HTPHL.
reX VE

Onpedenenue. Crparerns x"

ecoin inf Fi(z", y) = v.
yeY
Pacemorpum urpy I' ¢ Toukn 3penns eroporo urpoka. Eciam on BeiGpas
CTPATeruio ¥y, TO JJ1d HEr0 eCTeCTBeHHO CYHTAThH FAPAHTHPOBAHHBIM Pe3Y.lb-

taToM BesiHaHHY sup F(z, y). [Ipourpeim Broporo urpoka oviaier He DoJbIIe,
=X
qeM 3Ta pejanunHa. Hawayammii rapanTHpOBaHHBIH pe3yabTaT /18 BTOPOTO

urpoka T = inf sup F(x, y) HAZBIBACTCH GEPTHUM IHAYEHUEM HIPHL
veY pex

[MeEPBOro HI'POKa HASBIBACTCH .M{Hi:l‘?u.MMHHG?E,

Onpedeaenue. Ctparerna y° BTOPOro HrpoKa HA3BLIBACTCH MUHUMAKCHOT,

ecn sup Flz, y") = .
=X

Jdemama 2.2, B moboit antaronnctudeckoi urpe ' cnpaBeinBo HepaBeH-

CTBO U = .t

Teopema 2.1. 1) lna toro urobsl ¢yuxnua F(z,y) na X x Y nmena
CeTOBYI0 TOYKY, HeOOXO0IUMO U JOCTATOYHO, YTOOBI OBLIO BHIIOIHEHO PABEH-
CTBO

max inf F(x, y) = minsup F(x,y). (2.3)
reX gyl YeY LeX
2) Ilyers Beinoaneno pasenctso (2.3). Ilapa (2%, y”) Torma u Tonbko Toraa
ABJAETCH Ce10B0i TOUKOH, Korga r” — MakcuMuHHad, a ¥y — MHHHMAKCHAS
CTPATETHH UTI'POKOB.

3. YcnoBus cyuiectBoBaHnNA MaKCUMUHHLIX U MUHUMAKCHbIX CTpaTerMﬁ.

Teopema 2.2. [lycts pyukuusa F(z,y) senpepuipua Ha X x Y, e
X.Y — komnakTel MeTpuuecknx npocrpancts’. ITomoxkum

Yix) djﬁrgmi}g F{x,y). Torna
=

1) Oyuknuga muanvmyma Wizr) = l‘ﬂiz}j_ F(x,y) nenpepoiBna Ha X.
e




2) IpeanonoxusM JT0MOTHHTEIBHO, 9TO MPH KaXKIOM T & X MHOMKeCTBO
Y (x) coctouT w3 equncTBeHHOTO MenmenTa y(x ). Torna yvaknua y(r) nenpe-
phIBHA Ha X,

Onpedeaenue. AnTaronncTuyeckas urpa I' naszoisaerca wenpepueHot, ec-
au X, Y — napasuiesenune/ bl eBKJINI0OBRIX IPOCTPAHCTE, a hyukuus F(x, y)
HenpepbiBHa Ha X x Y . B "acTHOCTH, NpH
X =[a,b], Y = [c,d] 6yaem ropopuTsb 0 HENPEPLIBHON HIDe HA NPAMOYTOIb-
HUKE.

13 Teopemsbl 2.2 ciaemyer, 94To B HenpepblBHOH urpe [ cymecTeyior Mak-
CHMHHHBIC H MHHUMAKCHBIE CTPATETHH HIPOKOB.

4. Teopema cyLeCTBOBaHNA CEANIOBON TOYKU Y BOFHYTO-BbINYKNON hyHKUUN.
Onpedeaenue. MHOXKecTBO Z eBKJINIOBA MPOCTPAHCTBA HASBIBACTCS Gbi-
nYKABLM, €CTH s JTI00BIX Touek ' # 2’ u3z Z u moboro unena 0 < A < 1
Touka Az’ + (1 — A\)z" Takke npuHaiIeKuT MHOKECTBY Z.
Onpedeaenue. Oyukmua h(z), onpeieleHHas Ha BBIMVK/IOM MHOMKECTBE
Z, Ha3BIBAETCA annykaoti, ecid 1id JobbX Todek ' # 2" w3 Z u moboro
gquesa ) < A < 1 BRINOJHEHO HepPABeHCTBO

hiAz"4+ (1 —XN)2") < Mr(2") + (1 — Nh(Z"). (2.4)

Ecau nociennee HepaBeHCTBO BRIMOJIHEHO KaK cTporoe, To (bvHKIug h(z) Ha-
3BIBACTCH cMPozo evnykaoti. Feam Bmecto Hepasenctsa < B (2.4) dburypn-
pyer HepapencTso = (=), To (pyvuxuua h(z) naswisaercs coznymotd (cmpozo
so2nymoti).

Teopema 2.3. [Iyete X € E™ u Y C© E™ — BRINYKJBIE KOMIIAKTHI €B-
KJIHJI0BEIX TPOCTPAHCTR, a (pyukuuga F(x, v) Henpepoiaa Ha X x Y. [Ipeano-
JOZKHM, 9TO npH JioboM y € Y dyukuug F'(z,y) BOrHYTa 0 T W IPH JTI0O0M
r € X oHa seinvkaa 1o y. Toraa dpyuknusa F'(x, y) uvmeer Ha X % Y cennoByio
TOUKY.

5. CMewaHHoOe paclMpeHue aHTaroHUCTUYECKOWU Wrpbl.

Onpedeaenue. Crmemanaoil crparerueii nepeoro urpoka B urpe [’ Haswi-
BAETCH BEPOATHOCTHOE PACIpe/Ie/IeHHe  Ha MHOZKecTBe cTpaTeruii X,

Mg nepBoro Mrpoka NpPHMEHHTHL CMENIAHHYIO CTPATErHid ¢ — 3TO BhI-
Opartb cTpaTeruio r & X Kak peajn3alliio cIy4aiHoll BeJTHMUHB, HMeoei
3aKoH pacupegenennst . lamee paceMmMarpuBaloTes TpH BHAA CMeNIAHHBIX
CTpaTeruii.



1) [Iyere X = {1,...,m}, kak 310 MmeeT MecTo B MaTpuaHoil urpe. To-
ra BMEeCTO ¢ Jj1d 0D03HAMeHHs CMellaHHoil cTpaTerun OV/1eM HCIo/Ib30BaTh
" BePOATHOCTHEIH"BEKTOD P = (P1, ..., Prn ) s VAOBICTBOPAIONIHIT OTPDAHHYEHHSIM

m
pi=1 p; =0, i=1,.,m. Eciin npumenserca p, To crpaterud i BoiOu-
i=1
paeTcs ¢ BepOATHOCTLIO .

2) Iyers X = [a,b], kak 9T0 HMeeT MeCTO B HENPEPBIBHON HIpe Ha Mpsi-
MOVITOJIBHHKE. 3/1eCh CMelIanHas crparerusd — (DVHKIHS pacipejie et o

Ha orpeske [a, bl.

3) [Ivers X — BRINYKJIBI KOMIAKT €BKJIH/I0BA TPOCTPAHCTRA. 3/1eCh MPH-

MEPOM CMEeITAHHOI CTpaTel'ld MOAeT CIVAHTL BePOATHOCTHAMD Mepa, COocpe-
JOTOMeHHaA B KOHETHOM "THCIE TOYeK:

{I'?(‘T) = Zpifmﬁ'“ (I)! sz =1, p= 0, I(ﬂ € -‘Y! t=1,..,m,
=1 i=1

rie
1, ==z,

Lo (@) = 0, x#zW

1o} — MHOKECTBO BCeX CMENIAHHBIX CTPATerHi MePBOTO HIPOKA HA MHOMKecTBe X,
Muoxkecrso X Oy1eM HAZBIBATE MHOMKECTBOM “YUCITIbLT CTPATErHil IepBOro
HIPOKA (B MPOTHBOBEC CMEIIAHHBIM).
aiiMemes TOCTPOEHHEM CMEUAHHO20 PACILUPEeHILA AHTATOHHCTHYeCKO Ur-
pu I' = (X, Y, F(z,y)). Anasoruuno, IycTh {1} — MHOXKeCTBO cMelllaH-
HBEIX CTPATerHii BTOPOro WrpoKa, T.e. BePOATHOCTHBIX pacipejienenuii 1) na
MHOZKecTBe Y ero "ueTwix crparteruii. [lpnm samannwix crparerusax ¢ u
MATeMATHIeCKOe OKH/IAHHe BRIUTPHIIIA ePBOTO HIPOKa onpeensdercs dop-

My-oft Flp, ) Z/\/F(I?y)dgfg(z)d-@(y)_ JIBOHHOI HHTErpasl CyIIecTBYeT.
' XV

Onpede,rmuue. AHTAaroHHCTHYCCKASA HI'pa T — <{"r9}‘ {b‘}, F("ri 'L'J)>

Ha3bIBACTCH CMeIlaHHBIM pacHIHPpeHHeM HIPhI I

00 v = F(", ¢") urpnt T naswisaerca pe-

Onpedeaenue. Pemenne (¢,
mrennem uexonnoif urpsl I' B ememanuerx crparernsx. [pn stom ¢, 1" na-
IBIBAIOTCH ONMUMAALHBEMIL CMEULAHHBMY CTPATEIHIMH HIDOKOB, & U — 3Ha-

weHuem Hrpel 1



,Z[_H.]'IEE ﬁ}-’_ﬂ,}'T [MOCTPOeHEl CMEelIaHHEIE DACHTHPEHHA MATPHYHBIX H HEeIpe-
PBIBEHEIX HI'T» H ﬁ}’,[[ET [MOKA3aHO, YT0O 3TH HI'pel BCel'da HMeHT pelleHHe B
CMEITAHHBIX CTPATCIHAX.

6. OCHOBHasi TeopemMa MaTPUYHbLIX Wrp.
Hanomuum, uro marpuunas urpa I' sagaerca marpuneit A = (ay;)mun.

MuoxkecTBO cMeIIAHHBIX CTpaTeruii HepBoro UHrpoKa —
m
P=1{p=(p1,....pm) | E pi=1 pi=0i=1..,m},
=1
MHOKECTBO CMEITAHHBIX CTPATEriii BTOPOro HrpoKa —

Q={q=(g1“qn} | Zt};?:l, qj_}ﬂ, j=l“?1}
a=1

d MaTeMaTHYeCKOe OXKHIaHHE BbIIinL[HJ:—l HEpBﬂFD H rpnﬁa —
m n
Alp,q) = E E Piijg;.
i=1 j=1

Takuum obpaszom, I = (P? ), Alp, q]} — CMeIIaHHOe PACIIHPeHHe MATPHIHOH
urpe .

Teopema 3.1 (OcHOBHas TeopemMa MATPUYHBLIX Hrp). Beskas mar-
pHYHAA UI'PAa HMeeT pPelleHHe B CMeHIaHHBIX CTpaTernsx.

OTrMeTHM THIHIHBIO CIOVHaH, KOrda MpHMeHAKTCAd CMelllaHHbIe CTpaTe-

THH.
1) Urpa noeropsierca muoro pa3. B srom ciayaae 3a 6osbinoe 4ucio 1o-

BTOPEHUIT UI'PHI CpeIHNi BEIMTPHIIT MePBOT0 HIPOKA, HCIOIbL3VIONIEero onTh-
MAJBHYIO CMEIIAHHYIO cTpaTeruio, ovaer OJIH30K K 3HAYMEHHIO HTPBI WIH Oy-
J1eT MPEeBHIIATE ero.

2) Cumemanuas crparerus peajnsyercd B Bije "busntaeckoii evecn queThIx
crpareruii. Y1o 310 03HAYAET, TOACHHM HA TPHMEPAX.

3) CMmentannbie cTpaTeruni MOYKHO HIPUMEHATH U MPH OJHOKPATHOM [OBTO-
PEHHH UT'PBI, KOTJIA HIPOK JAefcTByeT B VeJIoBUsIX pucKa. [Ipu stom Heobxo-
JUMO BBIUTPBIINIH 3aMeHHTh Ha HX "'MOJIe3HOCTH", YHHTBIBAIOIHE OTHOIICHHE

HI'POKA K PHCKY.

7. OcCHOBHasi TeopeMa HenpepbIBHLIX WUrp.
Balivemest CMemaHHBIM paclinpeHnenM HenpepbiHO urpet [ Orpann-

qiMed Urpoii Ha npadovronbauke X x Y = [a,b] x [c,d]. [Ipu sazannbix




CTPATerudax © U 1) — VHKIHAX pacnpeje]eHnsd Ha oTpe3kax X u Y — oxKu-
JMaeMBblIil BBIMTPBIII MEPBOTO HIPOKa PaBeH b d
Fie.w) = [ [ Plandpai).
L3 [

Teopema 3.2. MuoxkecTBo cMelnanHbIX cTpaTeruii {w} Ha orpeske [a, b

ABJIACTCA CIADBIM KOMIIAKTOM. BTD O3Ha'vYaeT, 4TO U3 M000TH nmocaeI1osaTe/Ib-

HOCTH CMellaHHBIX ETI'}ELTEI"HH {L].i?'k} MOMKHO BRELIETHTE MOJIMOCTET0BATE L

nocts { M}, cnabo exonamyiocs K HeKotopoit crparerun ¢

Jdemama 3.1. B menpepsipHoil urpe [' Ha OpaMoyrolbHHKE CYIIECTBYIOT
MAKCHMHHHAA 0 MHHUMAKCHAS CMEIIaHHbIE CTPATEIMH HIPOKOB.

Teopema 3.3 (OcnHoBHasi TeopeMa HenpepbIBHBIX urp). Beskas

HellpepeIBHAMA HI'Pa I' na NpAMOVIOJIEHHEKe HMeeT pellleHHe B CMelllaHHBIX
CTpATerHAX.

8. CBoncTBa pelweHUun aHTaroHUCTUYECKUX Urp B CMELLUaHHbIX CTpaTerusix.

DTH cBOHCTBA B YaCTHBIX CAVHAAN MO3BOJVIAKT HAXOIHTL ONTHMAIBHBIE CME-
IIaHHBIE CTPaATeTHH.

Teopema 4.1. Tna toro urober Tpoiika (% 1P, v) Gel1a pemennem B

CMENMIAHHBIX CTpPaTerHAX HEHpEpI:»]BHDﬁ HI'PEL F., HEDﬁXD,I[HMD H TOCTATOYMHO,
4TOOBI OBLIO BBHITIOJIHEHO VCIIoBHE

i

Flz, 0"V <v<F(e"y) Yz e X, YyeY. ()

Teopema 4.1'. Ina toro utobwl Tpoiika (p”, ¢", v) ObL1a pemennem B

CMEeMIaHHBIX CTpaTerundx UTrpbl C MFLTI'}H]_[E'ﬁ _/4, HEDﬁXOﬂ,I{I&-‘IO H NOCTATOYHO,
qT00B OBLIO BBITOTHEHO VCIIOBHE

A, gy < v < AP 4), i=1,.m, j=1,..m. ()

[Iyere I' — ememannoe pacmmpenne TPOU3BOIBHON aHTATOHHCTHYMECKOMH
urper 1.

Onpedenenue. Cvemannas crparerus 1" BTOporo Hrpoka HA3LIBAETCH G-
pasnusarowetl, ecmn F(x, 1) = const na mnoxecrse X,

AnaoruvuHo OIpe1e1deTCHd BhlpaBHHBAKIIAA CTpATerHA [MePBOTO HIPOK.

VYmeepotcderue 4.1. Ecm B urpe I' y 060X UTPOKOB CYIIECTBYIOT BhIPAB-
uuBatome crpaternn 7, 1%, To OHH ONTHMATLHEL.




Teopema 4.2. /[na venpepriBHoil Hrpel I’ cnpasei/IMBEI ciieIyIonue 1Ba
VTBEPIKIeHHS:

1) mf Fle)=minFle,y) ¥V o e lol:
) i Flow) =minFlp,y) ¥ ¢ € {9}

2) sup Flp,¢) =max Fz,¢) ¥V ¢ € {2},
s {e} =X
Caedemeue. 3Havdenne v HenpepblBHOI HIpel [ MoKeT OBITH NpecTanie-

HO B BHJIE CJIeIVIONIHX JIBYX (POPMYJL:

v = max min F{e,y) = min max F'(x, ).
we{p} yey (p:) Pe{y}t zeX (. 9)

Teopema 4.2, [Lna urper ¢ marpumeii A cupape/iHBbI CIeVIONHE JIBA
VTBEDKICHUS:

1) 1%%1‘4@3?@) = min A(p,j) ¥V pe P,
q

1<j<n
= '. Y g€ Q.
2) max Alp,q) = max A(i,q) ¥V ¢€ @

,Hﬂ KaxHTe CaMOoCTOATeIBHO.

Caedemeue. 3Hadenne v Urpel ¢ Marpuiei A Moxker OLITh IPeJICTABICHO
B BUJIE CJIEAVIONIHX ABYVX (POPMY.JI:

v = max min A(p.j) = min max A(i. q).
peP 1<j<n (p.J) g=Q 1<i=m (i:9)

Teneps obcyauM Tak HazbIBaeMoe CBOHCTBO donoandrouletl Hexcecmyo-
cmu. Onupegennm mMHokecTBo Sp(p) € X — cnekrp cmeniannoii crparernn
@, 3aJaHHOil Ha oTpe3ke X.

Onpedeaenue. Bynem ropoputs, uro Touka r' € X = [a, b] npunaiexur
CHEKTPY CTPATErHH ©, ec/IH I BCAKOro & > () eymecTeyer Takoil 0Tpe3ok
[a', b], conepakamuii 2', uro b’ — a’ < ¢ u p(b') — @(a’) > 0. Muoxkectso Beex
TOUEK crekTpa obozHauuM depes Sp(yp).

Teopema 4.3 (CeoiictBo momomusiomeii Hexkectkocetn). [lyers
(©”, 0% v) — pemenne B cMemanHBIX cTparernax menpepeisroii urpst . To-
raa

1) @ € 5p(¢°) 5 Fla,v°) = v

2) y € Sp(v?) = F( y) =v.

0

Caedemeue. Iyers (@Y, 1% v) — pentenue B cMeIIAHHBIX CTPATErHAX HETIPe-

peieHoil urpet I'. Toraa
1) F(z,d%) <v= & Sp(¢");
2) F(¢"y) >v=y¢Spu”)



Teopema 4.3’ (CsoiicTBo momonusiomeii Hexkectkocrn). [lyers
(p?,q°,v) — pemenne B cmemanubx crpateruax urpsl ¢ marpuneit 4. To-
r1a

1) p? > 0= A(i,¢°) = v;

2) q; > 0= A(p° j) =v.

Caedemeue. [lyers (p°, ¢°,v) — pemenne B cMenaHHBIX CTpATErHsAX HIPhI
¢ matpuneii A. Tormaa

1) A(i,q") <v=pl=

T

0;
2) A(p", ) >v= qg' = 0.

9. TeopeMbl O JOMUHMPOBAHUN CTPOK U CTONBLIOB B MaTPUYHbIX Urpax.
Ecin simeMeHTE HEKOTOPOH CTPOKH iy MaTpHIbl A MeHbIIe COOTBETCTBY-

IOMHY 2JIeMeHTOR ,Il,p}-’l"(')ﬁ CTPOKH ?r--z., TO HHTVHTHEHO HACHO, YTO CTPOKY 'i]_
[MepBoMY HIPOKY MOMHO HEe HCIIONB30BATh.

Onpedeaenue. Byaem roBopuTh, ITO BeKTOp a = (ay, ..., aq;) caabo domu-
Hupyem BekTop b = (by, ..., b)), ecom a; = by, i = 1,....[. Byvaem roeoputh 0
CMPo2oMm JOMUHUPOBAHUL, €CJTH BCe HECTPOTHEe HePABEHCTBA = 3aMeHeHBI Ha
CTPOTrHe . 3aMeTuM, 49To cJ1aboe JOMHHUPOBAHHE BO3MOXKHO JIazKe B CIydae
pABEHCTBA BEKTOPOR a u b,

Onpedeaenue. dna pextopos al¥), i = 1, ..., m, eBKINI0BA TPOCTPAHCTERA
m m
wuncen p; > 0, i = 1,...,m, 5. p; = 1, 1mneiinag kombunanua > p;a'
i=1 i=1
HA3BIBACTCS gunykaoll Kombunayuet sBekTopos a'™) ¢ kosddpuimentamm p;.
Teopema 5.1 (O momuuampoBaHuu cTPOK). [lycTh HEKOTOpas cTpoka
MaTpuibl A c1ado JOMHHHPYeTCS BRITYKI0H KoMOMHAIIHEH 0CTAJILHBIX CTPOK.
Torga 3ta cTpoKa BXOIUT ¢ HYJIEBOIT BEPOATHOCTBIO B HEKOMOPYH0 ONTHMAb-
HVIO CMEIHIAHHYIO CTPATerHI0 ePBOTr0 HIPoKa. Ecin yKazanHoe JOMHHHPOBA-
HHE CTPOToe, TO 3Ta CTPOKA BXOTHT ¢ HYJICBOH BepPOATHOCTBIO B 10010 ONTH-
MATBHYIO CMEMIAHHYI0 CTPATErH0 MepBOro Hrpoka. JJoMHUHHpYeMble CTPOKH
MOYKHO BBIMEPKHYTH W3 MATPHII HTPHL

Teopema 5.1° (O mommumpoBanun croabnos). [lvers mekorophiit
croben MaTpunbl A ¢1ado JOMHHHPYET BRITVKIVIO KOMOHHAIIMIO OCTAJIBHBIX
cToOnoB 3Toit MaTpuibl. Torga 3ToT croaben BXOAUT ¢ HYJIeBOH BeposATHO-
CTBIO B HEKOMOPY0 ONTHMAJIBHYIO CMEIIAHHYIO CTPATErHI0 BTOPOT0 HIPOKA.
Ecin ykazannoe JOMHHEPOBAHHE CTPOTOE, TO 3TOT CTOJDEI BXOINUT € HYJIe-
BOIl BEPOATHOCTBIO B .2100y10 ONTHMAJIBHYI0 CMEIIAHHYI0 CTPATETHI0 BTOPOTO
Hrpoka. JoMuHUpyIonme cToadIbl MOXKHO BRIMEPKHYThL U3 MATPUILL HIPHL.



10. Npacdbmuyeckun metTon peLeHUsa MaTpUYHbIX Urp Buaa 2*n M m*2 .

Pacemorpum urpy ¢ 2 x n-marpuneit A. Cuelnannas cTparerud mepeoro
Urpoka p = (py. 1 — py) onupeaensgerca BeJJHIHHON py; € [D, l]. 3HAUeHHE UTPHI,
FORIREHY v = max min A(p,j) = max min [ay;p + a;(1 - p)].

s HaxoxKIeHHs 3HAYEHUs HUrPhl H ONTHMAJIBLHOH cMelnaHHoil cTparerun
ePBOTO UIPOKA JOCTATOYHO HA OTPEe3Ke [[],1] NOCTPOUTH I'papiKn cemeiicTBa

JauneinplX pynkuuit [;(p) = ay;p1 + azi(1 — p1) ¢ yraoseivn koaddunuen-

- - . i 0 Fr

TaMu k; = ay; — ag;, j = 1,...,n, u HaliTn TOUKy MakcumyMma pj hyHKIHH
min [;(p;) — nuzKueil orudalomeii cemelicTea

1<j<n

Hﬂﬁ,ﬂhﬂh{ ONTHMAJNBHYH) CMEeIaHHVI) CTPpaTer’Hi)y BTOpOoro HIPOKaA. Pasbe-
Ppen clelyVIonHe BO3MOAHOCTH.

a) 0 < pf < 1. Bosemewm ape npameie 1 n lj,,

NPOXOAIIHe Yepes ToUKy (pf,v) u umeroniue yriaoese kKosdbduuuentsr k; =
0, k;, < 0. Pacemorpum ypasHenue kaqt + ki, (1 —q*) =0, (5.2)
Ono umeer pemenne ¢*, npunaiexamee orpesky |0,1]. M3 (5.2) caeayer,

qT0 yraosoit Koaddunuent npamoit [, (p1)q" + L, (p1)(1 — ¢*) pasen ny.o.
Cusemanaasi cTpaTerusi BTOPOTo HIPOKa

*

q . j=j1?
gl =01—q" j=j.
D? j?éjlij!

ONTHMABHA, MOCKOJIBLKY npH Beex py € [0, 1]

Alp.q”) = li(p1)g" + 1 (p)(1 - ¢) = 0.

6) pi = 0.

B srom coyuae unctas crpaTerus 2 MepBoro Hrpoka aBISeTes ONTHMATb-
Hoit. [Tokazkem, 1TO v BTOPOro HIPOKA TAKZKE HMEEeTCs THCTAS ONTHMATbHAS
crparterus. leficrBurenbno, Hafigerca npamas [;, Npoxoasnias 4epes TOUKy
(0,v) n nmeomasn yraosoit kosdgppunment k;, < 0. Buibupasa uncryio crpa-
TEruio jy, BTOPOil HIPOK He MO3BOJHUT MEPBOMY BHIHIPATHL OOJbIIE, YeM v,
nockoIbKY A(p, j1) = 1, (p1) < v npu Beex py € [0, 1]. Hrax, marpuna urper
IMeeT CeI0BYVIO TOUKY (2, 7y ).

B) pf = 1.

B sToM ciiydae, aHaJTOTHIHOM 0), MATPHIIA HTPBI TAKZKE HMEeT Ce/I0BYI0
TOYKY.



Teneps pacemorpum urpy ¢ m x 2-martpuneit A. CMmeniannas crpaTerus
g = (q1,1 — q1) BrOpOTO MrpoKa onpeaensiercd peandaunoi ¢ € [0, 1]. Buaue-
HHEe HI'PhI, COMIACHO CJICJCTBHIO TeopeMbl 4.2 ') npejactaBuMo B BHJIE

v = min max A(i, min max [a.qqy + a1 — qq)].
i max (2,q) = qu;lg'llifig’m[ g1 + a1 — q1)]

[TosroMmy HeODXOIUMO TOCTPOHTE BePXHIOW OTHOAIILY IO max li(qy) cemeii-
—iTm

crBa npameix (g ) = a;qi+ap(l—q ), i = 1, ..., m, u naiitn na orpeske [0,1]
TouKy ¢ ee MuHuMyMa. OHa GVIeT COOTBeTCTBOBATEL ONTHMATLHOT CMelTaH-
HOIl cTpaTerdin BTOPOro Hrpoka. OnTHMalbHasg CTpaTerus MNepBOro HIPOKa
CTPOUTCS € HCTIOJIB30BAHUEM VPABHEHHSA, aHATOTHIHOTO (5.2).

11. CBeaeHue peleHUss MaTpU4YHOM Urpbl K nNape ABOMUCTBEHHbIX 3agay
NIMHEMHOro NMPOrpaMMUpPOBaHUA.

Bes nmorepu obmuocTn OyaeM HpeanoaaraTb, 9TO 3HAMEHHe MATPHYHOI
HIPBL U TOJI0KATeILHO. COrIacHo cleAcTBHI0 TeopeMbl 4.2 ', oHO nipeicTaBu-
MO B BHJIE "

v =max min A(p, j) = max min E}J?,aw
peP 1<j<n peF 1<j<n
Beesem BenoMoraTebHYIO TePeMeHHYIO U W 3aluIleM 3a1a9y HaXOxkIe-
HHUS MAKCHMHHA KaK 3a/1a4V JHHeifHOro nporpaMMHUpPOBAHHS
U = max u, [Je
(u,p)eB

B = {(u,p) | E;}zazj >, j= Epz—l pi =0, i=1..m}.

z_l
:[Pﬁl"TBHTPT[LHD npH ('l'JHK(‘HpOBH.HHDM P = < P MakcuMaJibHOe 3HAYCHHES U IpH

orpasuvenudax (u,p) € B pasuo 1111111 Alp, 7).

<j<n
[Tockonbky v > (), MOMKHO CYHTATH, 9TO U NPHUHHMAET MOJ0KHTEILHBIE
suadenns. ClaenaeM 3aMeHy MepeMeHHBIX Z; = p;/u, z = (zy,..., Z,). Toraa,
VUHTBIBAA OrpaHuydenus (u, p) € B, nomxyuanm
m m
E %= 1/u, E aijz =1 j=1..,n, =0 i=1 ., m
i=1 i=1
Orcrona 1
U= max u=—,
(wp)eB )
2%
=1
0

rne - — OINTHMAJIBHOS pDelleHne 3ala'ii JHHEeHHOTrO MporpaMMHApOBaAHHA



m
Z; — min
i=1

a;z > 1, j=1,...n, z>0,i=1,.,m. (1)

M

i=1
[To " maxomum 3HAYEHHE UTPBL 1 ONTHMATLHYIO CMEIIAHHYIO CTPATETHIO TIep-
m
poro urpoka: v =1/ 20 p’ ="
i=1 , 1
AHATOTHYHO MOZKHO NOJIYUATL, 4T0 v = min max A(i,q) = ——
> wy
=1

geQ 1<i=m ’

0

e w! — ONTHMAJIBHOE pellleHHe 3a1a4H JHHeHOro mTporpaMMHPOBAHHS
n
Z wj; — Mmax
j=1
™
Za.ijwj <li=1..m, wy;=0, j=1,..n, (IT)
=1
3aech ¢ = vw" — onTuMmanbHas cMelaHHAS CTPATErHsl BTOPOrO HIPOKA.

Bamaun (1) u (1) apolicTBeHHBI OJHA 110 OTHOIIEHHIO K JIPVTOI.

OTmeTumM CcBOHCTBO JONOMHAIONIEH HEXKeCTKOCTH s ONTHMAJILHBIX pe-
mennii 2° u w’ zagau (I) u (I1): n

j:

m

’ -||:| — __...,0 _

2] lLJ ;' ﬂ —" 2&13 .,_i -_ J_.
=

OHo HENOCPeACTBEHHO BRITEKACT U3 YTBEPIKIeHuA Teopembl 4.3 ' nocie 3ane
uel nepemennelx p? = vz, ¢" = vw’,

12. HeobxoanMmble ycnoBus Ansi Nnapbl KpanHUX ONMTUMAanbHbIX
cTpaTerMi MaTpu4YHOW WUrpbl.

31ech paccMaTpHBaeTcss KOMOHHATOPHOTO THIA AJTOPHTM PelleHus Hr-
pbl. OCHOBAHHBIH Ha nepebope moAMATPHIL MATpUILL A.

Onpedeaenue. Tlvers Z — BBINVKIOE MHOMXKECTBO €BKJIHI0BA MPOCTPAH-
crea. Touka z" € Z naswBaerca wpatineti mouxoti MHOKecTBa Z, ecin He
CYIIECTBYET TaKuX Touek z' # 2z € Z u takoro umuciaa 0 < A < 1, uro
A= (1 = )



Hpyvrumu ciropavu, KpaiiHdas TOYKa BRITVKIOTO MHOZKECTBa Z HE SABJIAeT-
csl BHYTpeHHell TOYKOH HHKAKOTO OTPe3Ka, COeTHHAIIIET0 ABe TOUKH 3TOr0
vuOzKecTBa. HeTpyano BuaeTh, 4To KpaliHgs TOYKA HEe MOKeT OBITh BHY-
TpeHHeil TouKoit MHOKecTBa Z. OJIHAKO He BCSKAsl TpaHUYMHAS TOYKA MHOZKe-
cTBa Z gapidercd KpaiiHeill TOUKoil 3Toro Muoxkectsa. Hanpumep, v kBajapara
KpailHUMH TOUKAMH SABJISIOTCH TOJLKO €10 BePIIHHEIL.

Eciu MEOXKeCTBO Z — MHOTOIPAHHHK, TO €10 KpailHie TOUYKH HA3bIBAIOTCS
seputuramu. BepHemes K urpe ¢ marpuneit A m paceMoTpHM MHOXKECTBO
ONTHMATBHBIX CMENIAHHBIX CTPATernil mepBoro Hrpoka

m
PP={p’cP|Ypla;>v, j=1,..,n}
i=1

rie v — IHa4vYeHHue I\'IH.TPH'[HOH HI'PEBIL. HETI]}’,D._HG BHIETE, YTO PG — MHOI'O-
’PAHHHK €BEIHI0BA IPOCTPAHCTBA.

Onpedeaenue. Kpafineti onTuMaabHOR cMelIaHHON cTpaTerueii mepporo
urpoka Gy1eM Ha3bIBATHL BEPHIMHY MHOrorpanHuka PP
MuoxkecTBO ONTHMAIBHBIX CMEIIAHHBIX CTPATErHil BTOPOT0 HI'POKA

Q" =1{"cQ| Xayf <v, i=1,.. m}
j=1

TARAE ABITACTCH MHOIOIPAHHHEOM W €T'0 BEPIHIHHEL — Kpﬂ.ﬁHHE ONTHM A TBHEIE
CMellaHHble CTpaTel'H.

Teopema 5.2. [Iycrs B urpe ¢ marpuneil A = (a;;)mxn 3HaMCHEE ¥V 2= 0,
Torna ans moboit naper p?, ¢° KpailHUX ONTHMAILHBIX CMEIIAHHBIX CTpaTe-
ruil UrpOKOB HafijeTcs Takas HeBBLIPOZKJeHHas noamarpuua A = (ai;, )ik
MATPHILL A, 9T0 BBINOJIHEHBI VCIOBHS

k k
Zp’zailjﬂzﬂ! t:111k ZPEE = l? (53)
I=1 =1

k k
Y aga=v, I=1...k > =1 (5.4)
=1 i=1

Pacesmorpus Tenepb aaropuTd pemenns MaTpuaHoil urpel. [lepebupaem
BCE HEBBIPOKJIeHHBIE Kk x k-moamarpuibl A matpunel A, Haunnas ¢ £ = 2.
s kazk 1oit nogmarpunel A pemmaem cucremst ypasaennii (5.3) u (5.4). Ecim

PeHICHHA HEe CYITeCTEVET HIH HeKOTOPhIE KOMIIOHCHTEI

B l=1ok g t=1,

OTPHIATEILHEL, TO MepexoIuM K ciaeayiomei nomarpure A. [lyers ykazan-
HbIE KOMIIOHEHTHI PEHIeHH HeOTpHIATeIbHBL. T0T/1a ONpe/1e/uM cCMeaHHbIe




CTpaTerin

,pCI . pli:l: p’?;.‘ i=1, oo, qﬂz q?;? J = Jt,
' 0, @i ! 0,  J#J

Teneps aas Tpoiikn (p°, %, v) weoGxoaumo nposeputh yeaoeue (#) Teope-
Mel 4.17. Eeii ono Buinosngeno, to ucekomoe perenne (p?, ¢, v) naitieno. B
NPOTHBHOM CJIVYAe MepexoauM K caeayiomeil nogMarpune A.

13. Metoa BpayHa pelieHUs MaTPUYHbIX Urp.

B stom naparpade MBI paccMOTPHM HTepaIHOHHBIH MeTo1 TpHO/IHKeH-
HOTO pemenud urpel ¢ Marpuineii 4. [Ivers 3anano umeno £ > 0. Tpebverca
HATH 3HAYCHHE UTPBL ¢ TOYHOCTBIO JI0 BeJH'IHHB] £, & TAKAKe S-MaKCHMUHHVIO
H E-MUHHMAKCHVED CMeINIaHHBIE CTpaTerii HIPoOKOB.

Metox Bpayna cocront B MEOrOKpaTHOM (DHKTHEHOM PA3BIIPLIBAHHA MAT-
PUYHON HIPBI, MPH KOTOPOM HIPOKH MO ONpeIe/IeHHLIM MTPaBHIaM BeIOHpa-
FOT CBOM 9HCTRIe cTpaTterud. [lyers 3a k moBTopenuii urpesl nepewiii Hrpox r;
pa3 BeIOpaJa cTpaTeruio i, i = 1,...,m, a BTOpoil EJ.- pa3 BRIOpAJ CcTpaTeruio
7. j =1,...,n. Bekropsl 4acToT BRIDOpA MHCTBIX CTpATerwii

[y Iy
PARE

(] Tm

ABJIAITCH CMENTAHHBIMH CTPATErHAMH HIPOKOB,
Omnpeaennm urepalnoHHslii npomnece bpayna.

[MIar 1. Mrpoku BeiOHpalOT NPOU3BOILHO CTPATETHH iy U ji.

[Tyers 3a k nosTopenuii urpsl nepeoiii HIPOK BLIOPAT CTPATETHH iy, ..., if,
a BTOpoil — crpareruu jy, ..., jr. [lpu srom p(k) u g(k) — coorBercrByiommue
BEKTOPHI YACTOT.

[Mar & + 1. Mrpoku eeOUpaioT cTpaTerun iy U jryq U3 VCIOBHIL

Alingr.q(k)) = max A(i,q(k)) = vi(k),

1<i<m
A(p(k), Jrg1) = min A(p(k),j) = va(k).
1<j<n
Kazknaplit urpok BeIOHpaeT CBOK YHCTVIO CTPATErHI0 KAK HAWJIVUINHI 0TBeT

HA COOTBETCTBYIONIHIT BEKTOpP 4YacTOT HNapTHepa. Ecin HAWIVYIINX OTBETOB
HECKOJBLKO, TO BeIOUpaeTcs J1000i 13 HUX.



[Mokazkem, uto vy (k) u vo(k) — OIEHKH 1718 3HAUEHHS ¥ MATPHTHONH HUIPHL:

va(k) < v <w(k), k=12 . (5.7)

Bepuemcsa k meroay bpayna. Chopuynupyem npaenio ocranoekn. [lyers
3ajanHo qnciao £ > (. Byaem ocranapiuBaTbest Ha 1are kg, KOrja BOEpBbe
BEIIIOJIHEHO HEPABEHCTBO

vi(ko) — v2(ko) = . (5.17)

13 (5.7) u (5.17) caenver, uro BesuuuHbl vy (ky), va(ko) mpubamKaoT 3HA-
qeHHe U MATPUMHON HIphl ¢ TodHOCTRIO d0 £. [lokaxkem, wurto plky) — =-
MAKCHMHHHAS cTpaTerud nepeoro urpoka. leficTeuTensno,

min A(p(ko),j) = valke) = v — <.

1=j=n
Ananoruano, q(kg) —
E-MHHHMAKCHAS CTPATErHS BTOPOT0 HIDOKA.

Teopema 5.3. B merone Bpayna L]im- (k) = k]im_ vo( k) = v, a a0bBIE

npegesbusie Touku p°, ¢” nocaesosarensuocteii {p(k)}, {q(k)} asnsores on-
THMAJILHBIMH CMEMIAHHBIMU CTPATErHAMH HIPOKOB.

14. PelweHne aHTaroHUCTUYECKUX UIFP C BOTHYTbIMU (PYHKUMAMM BbIUrpbIlla.

Onpedeaenue. AntaronuctTudeckada urpa I' = (X, Y, Flir, y]) HAZLIBACTCS
urpoii ¢ eoznymoiti ynryuedl swuepvia, ecou X C E™ Y © E™ — Brinyk-
JIbIe KOMITAKTEI @BKJIH/I0BBIX TPOCTPAHCTB, (pvHKINA F'(r,y) HenpepblBHA Ha
X x Y u npu mobom y € Y oHa BOrHyTa 10 .

Urpa I' nazeipaeres urpoii ¢ swinyxaoti gynxyuet evuzpuiuia, ecin (Bue-
cTo TpeboBaHud BoruyrocTu) npu awbom r € X dyakuusa F(r,y) BHIVKIA
o 1.

Teopema 6.1 (Xenmm). B esxnngosom npocrpancrse E™ umveercs ce-

meitcreo D, @ € {a} BBIIYK/IBX KOMIAKTOB, 00JaJAI0MIee CIe/IVIONHM
m+1 ,
CBOMCTBOM: JI/IF JHOOBIX vy, ..., Qmqy [ | Da, # . Toraa N D, # 0.
j=1

oc{al

Teopema 6.2. /Lna urpet I' ¢ BorayToil dhyHKIIHel BRINTPHINIA CIIPABEI-

JAUBO PABEHCTBO o) — max min F(z,y) = min max min F(z, 7).
=X yeY wley reX 1<j<m+1
G=1....m+1




Teopema 6.3. lrpa ' ¢ sorayToil (hyvHKIHell BRIMTPBITIA HMEET PeeHne
B eMelnanabix crparernax suaa (2, 4%, v), rae 2° — MakcuMuHHA" cTpaTerns
MepBOTO HI'POKA, m+1

P = Z Q’Efg:,: ¢" = (q}, Q'anl) €@,
j=1

(G.j=1,...,m+1)€Arg min max min F(z,v7),
Yj»J T & wey  zeX 1€j<m+41 )
d=1,...,m+1

i t}'O — MHHHMaAKCHAaA CTPpATEerHd B 3a1a1e

m+1
minmax d(z,q), H(z,q) = ; F(z,7)g;.

Teopewma 5.4. rpa I' ¢ Beimyk.10it hbyHKIHEl BEINTPRINTIA HMeeT PereHne
B cMemanHbIX crpaternax sujaa (07, y°, 7). rae y” — MuHEMAaKcHAS cTpaTerus

NepPBOro HIPOKA, ntl
i=1

(T;,i=1,...,n+1) € Arg max min max F(z' y),
T riex  yeY 1<i<n+l T

t=1....n41
a p’ — MaKCHMHHHAs CTPATerusa B 3a1ade
n+1
maxmin®'(p.y), DHp,y) = E piF(T . y).
pe P ye¥ ' —
=

15. UccnepoBaHue moaenu "obopoHa-HanageHue " B YUCTbIX CTpaTermsax.
HMyeeTea n obopoHgeMBIX MVHKTOB ¢ HOMepaMu i = 1,....7 BO3MOMKHOTO

MpoOpeIEBa CPEICTE HalaTeHHA. H}’CTI:: A un B — xoauvecTsa CpelCTE Halla-
JeHHS H 0601)0HL[. DTH CpelcTha NpedlnolaraTeHd ﬁECKDHE‘IHD-ﬂEJ’IHML[MI{.
GTFIHTEI"HH IepBoro HIpoKa (HHI'IH.,I[EHI{H) COCTOUT B pacnpele/eHHH CBOHX
CpeICTEB IO OVHETAM B COOTBEETCTEHH C BEKTOPOM

= (21, ., 2n) € X ={z| Zrz =A ;=20 i=1,..,n}
i=1

Bropoit urpok (0b6opona) HCHOIBL3YeT aHAJTOTHYHVIO CTPATEIHIO
Y= €Y =1{y| Y wi=B, y=0i=1..n}
=1

[IyeTs p1; — KOMMYecTBO CpeacTB HANAJAEHHS, KOTOPOE MOXKeT VHHUTOKHTE
OJIHA eIHHHIA cpejacTB 0b60poHBl Ha i-oM nyHKTe. Eciam r; > py;, To vepes
i-if IyHKT NpopBIBaeTCs T; — [;1); CpeacTB Hanagenus. Ecan x; < pyy;, To ve-
pe3 TOT NVHKT HanajeHnne He npopeercda. O0beannsad oba ciy4as, HAXOIHM



hopMyy 1A KoJIMYecTBa CPeJICTB HANAIeHHS, POPBABIIETOCd vepes i-i
NVHKT: max[z; — 1, 0], Onpegennm GyHKIHIO BBIHIPHIIA TEPBOTO HTPOKA

F(z,y) =) max[z; — pys, 0]
=1

— Dﬁ]l[_EE KOJIHYeCTEO CpedcTs HallaTleHHs, MpopBaBIIeecs:d epes3 Bee IIYHRKTEHL.

Samerum, uto pvakuua F(r, y) einykia mo y. [lo Teopeme 6.4 snauenue
HIPLl ¥ = U M MHHEMAaKCHAd cTpaterud 3 o0OpoHBI ONTHMAJIBHA. 3aiivencs
HCCIeI0BAHUEM 3TOI UI'PBI B YHCTHIX U CMEIIAHHBIX cTpaTeruax. bes norepu
ODITHOCTH TPeAnoIoKuM, 9T0 KoshhunuenTr apdeKTHBHOCTH 000POHBL ji;
VIOPSIOYUEHBL: [1y = [lg = ... = [lp, U -l OVEKT 000pOHBI 9BjIgeTcd ciadbeii-
HIHM.

a) [Mokazkem, uro v = II]_:EI..JE_{]TL_i}I;l F(zx,y) =max[A — u,B,0], 2™ =(0,..,0, A)
reX ye

"

. 1yt
6) [lokaxem, uro T = minmax F(z,y) = max[4 — B (Z —) 0],
yeY xeX 1 HE

e 1 _1
Yo = B(PH E _) . i=1,...,n, — MHHHMAKCHAs CTPATerus 000POHBL.
i1 Mk
Korma B urpe cyiiecrsyer perieHie B 9YHCTLIX CTPATErHgax’
n
Ecim B = A i= ToT =0 > v > 0 u, coegoparesibio, 7 = v = (.
=1

[na nananenna mobdasa crpaterns onTuMasibia. B sTom cayuae obopona tak

MOYKET PACHPE/IeINThL CBOH CHJIBL, ITOOBI HE NMO3BOINTEL HANAJICHHIO, HCIO/Ib-

3VIOMIEMY KOHUEHTPHPOBAHHLIH VAP, TPOPBAThLCA HA KAKOM-THOO MVHKTE.
n

Ecmn B < A Lle, o pyukuua F(x, y) ceanosoil TOUKH He HMeeT.

16. UccnepoBaHue moaenu "obopoHa-HanageHue " B CMeLaHHbIX CTpaTerusx.
B) [Tokazkenm, ¥TO B HIpe CYUIECTBYET PEIICHHE B CMENIAHHBIX CTPATerH-

ax suga (@°,y°, 7). roe y? — uncrasm MUHMMAaKCHad cTpaTerud 0DOPOHEI, a
ONTHMAIBHASA CMEIIAHHAS CTPATerHsd /1718 HAAJCHUA UMeeT BH/I

° =Zﬂ:PEIIM, P = (#izﬂ:i)_lg i=1,..,n
i=1

k=1 Fok



17. UccnepoBaHMe moaenu WWyMHOMU Ayanu.

B aysau npuHEMAOT yuacTHe 1Ba IVIsHTA ( TepBBI 0 BTOPOil HTPOKH).
B Hava bHBIT MOMEHT BPEMEHH JIVAIAHTHl HAXOAATCH HA PACCTOAHUN dy H
Mo KOMaH/1e HauMUHAIT cOMMKAThed. B pacnopsKeHHH KaxKJI0To JIVaJIsaHTa
HMeeTCs OJIMH BBICTPEJ, KOTOPBIH OH MOXKET MPOU3BECTH B MPOTHBHUKA C
A000r0 PaccTOAHUS (KOHEMHO, NPH YCIOBHH, MTO JAYIIAHT KHB), OH JIazKe
MOZKeT NOJA0HTH K MPOTHBHHKY BILIOTHYIO.

[yers pi(d) — dyuxuug merkocTi k-ro Iy3/sHTa, paBHAS BEPOATHOCTH
NOpaKeHHsl NPOTHBHUKA, €I BRICTPES ObLI MPOU3BEICH ¢ pAcCTOAHuA  d.
[Ipeanonoxum, 4ro HyHKIEA pi(d) HenpepblBHBL 1 YOBIBAIOT HA OTPE3Ke
[0, do] u 6e3 norepu obmmoctu pip(0) =1, pr(dy) =0, k=1,2.

Ounpegennm antaronuctuydeckywo urpy. [yvers » € X = [0, dg] — paccro-
SIHIE, ¢ KOTOPOTO NMepBblil HIPOK HAMEYAeT MPOU3BECTH CBOI BeICTpes. AHa-
poruvno, y € Y = [0,dy] — pacerosnue, ¢ KOTOporo HaMedaeT CBOH BHICTPEI
BTOpoil urpok. Oupegenany GyHKUNHIO BRHIphima F(r, y) nepBoro Hrpoka.

Pacemorpum cHavana wymuyio dysiab, KOrJa NPOTHBHUKH CJIBIIAT Bbl-
crpesisl apyr apyra. Tormaa

pi(z), 0<y<ux<d,

Flr,y) =
0 = ), 0<z<y<do

[To emeieny F(z,y) ecTh BepOATHOCTH NOPAYKEHHs MePBBIM HIDOKOM BTODO-
ro. Eenmn < y w0 BTOpOH HIrpoK NMpoMaxHeTcs, TO HePBLId, VCILIIIAB Bhbi-
cTpes NPOTHBHHKA, cTpefisdeT B Hero ¢ pacctodanud () smecto x. OrMernm, 4To
F(x,y) apagercsa ocpeanennem (hyHKIHK, DpHHIMAaiomedi snadenne 1w ()
B 3aBHCHMOCTH OT TOTO, VOHT BTOPOil 1yaaaaT win Het. HTak, myMHasa qya/ib
omnpejie/ieHa Kak Urpa B HopMaiabHoil dhopue ' = <X? Y, F(z, y))

[Mokazkem, 9T0 MIVMHASA Ay3Ib HMEeT DPElleHHe B YHCTHIX CTPATerHdX
(d*,d*,v = py(d*)), tne d* — eamHCTBeHHBIH KOpeHb ypasHeHus py(d) =
B fectuymmoti dysau ITpOKH He CIABIIIAT BRICTDEIBI APYT APYTa H

pi(x), 0<y<z<d,

pi(z)(1—paly)), 0<z<y<d,.
ﬁEl’:]ﬂ}’HHaH ,I[J_\-’H..T[h HE HMeeT pEH.IEHHH B YHCTEIX ETIJH.TEF}IHI{.

F(‘T!y) =



18. OnpegeneHne MHOrowaroBo aHTaroHUCTUYECKON UrPbl C NOSTHOWU
MHdopmaumen.

OnpeaeuM MHOTOMIATOBYIO0 AHTATOHUCTHYCCKYIO HIDPY ¢ NoaHot undop-
maedi. Mrpa npoucxoaut B Tevenne 1" maroe ¢ somepavu t = 1, ..., T, Ha
KazK/JI0M Iare t HIPOKH BBIDHPAIOT 110 OUYepeIH AJbTePHATHBLEI — 3HAMEHHS
MePEeMEHHBIX T, Uy

Illaz 1. Cravana nepewlii HTPOK BBIOUpaeT anbTepHaTuBy rp < Uy, 3aTem
BTOPOil UI'POK, 3Had BBIOOD NepBOro, BRIOHpaET ajbTepHATHBY ¥y € Vi(r)) =
Vi)

[Iyers urpokn B Tevenne t — 1 maros BelOpa/in ajbTepHATHBLI
Ty eein Lo 1y Y1y oeey Y1 LOmomEM Ty = (24, 0, T )y T = (Y1, ooy Ue ).

Ilaz t. CHauaa nepselil HTPOK, 3HAS TPEABICTOPHIO Ty, U, 1. BEIDHpaeT
ansrepuarusy r; © UdTi_1,7,—q) = Ui(-). 3arem Bropoii urpok eeibupaer
ANBTEPHATHBY Uy © Vi(Ty, Yy ) = Vi(+), 3HASA NPEABICTOPUIO Ty, Uy, BKJIIOYAA
BBEIOOP Ty MEPBOr0O HIPOKA HA JTAHHOM IIIare.

[Tocne zapepuenus mara 1 Bo3uukaeT napa (T, yrp), Ha3elBaeMas nap-
muetl urpet. [lo eMblcay mapTus Urpbl — 39TO 3alHCh BCEX aJbTEPHATHB, BbI-
Opannbix urpokamu. s moboit napruu (T, yp) 3agaerca Beiurpsint F(Tr, )
MePBOT0 HIPOKA.

19. Teopema Llepmeno o peleHMn MHOrowaroBom Urpbl € NOSIHON MHOpMaLmen.
OmnpejgeusM Tenepb HIPY B HOpMaIbHOIT chopme. Ha mare ¢ nepeerii ur-

POK MOKeT BBIOpATH AJBTEPHATHBY T; KAK 3HAYeHHe (DVHKINN T; @ Ty =
T¢(Ti—1, Y,y ), KOTOpas Jo/zKHA OBITh ONpeae/eHa IPH BCeBO3MOZKHBIX 3Ha-
YEeHUAX APTYMEHTOBR Tp_1, T, OD03HAUHM MHOKECTBO BCeX TAKHX (DVHKIIHI
7, wepes U,. Bamernm, 410 #; = 71, HOCKOJAbLKY HA IEPBOM IIare nepebiil
HI'POK HUKaKOIH nHopMalueil He pacnojaraer.

Crpaterns nepBoro Urpoka npe/icrapiser coboit Habop yHKIHiT

T = (x4, t =1,

i
T

::]ha

AnanornvHo, Ha mare t BTnpnﬁ MTPOK MOZKET BEIOMPATE ATLTePHATHBY Uy KAK
3HaveHne (PYHKIUN Uy ¢ U = U (Ty, U, ), KOTOpAs T0/KHA OBITE ONpeeieHa
[MPH BCEBO3MOKHBIX 3HAYEHHAX APIYMEHTOB Ty, 7, ;. OD03HaAYHM MHOMKECTBO
BCeX TAKHX (PYHKIHI 7; 1epes Vi CrpaTterus BTOporo HIpoKa MnpejicTaBidaer
coboit Habop hyHKINIT

_ T
y=(y, t=1..T Y:H



Hrpoku MoryT BeIGpATL CTPATErHH T, 1) HE3ABUCHMO JAPYT OT JPYTA /10 HIPHI,
A BO BpeMsl HTPBI — NPUMeHATEh HX 'aBToMaTnveckn. '/ I1oboit nape crparermui
(Z,9) OIHO3HAYHO COOTBETCTBYET HAPTHS HIPHL:

Ty =21, Y1 = yi{T1), T2 = Ta(T1,31) ¥ T4,

o odef _

Hanee F(z,y)= F(Tr,§p), vae (Tp,Jp) — maprus, COOTBETCTBYIOIIAL
crpareruam T u Jf. Mrak, Muoromarosas urpa ¢ nojnoii nadpopmanueit onpe-
nesena B HopMmabuoit popye I' = (XY, F(Z,7)).

B aanbreiimem OyaeM paccMaTpHBaTh JIBA KJIacca HIP:

urpa [, B kotopoit Bee muoxkectsa Uy(-), Vi(-) koneqHBI;

urpa [', B koropoit Bee muoxectsa Uy(-) = U, Vi(+) = V; ne zaBucar or
MPeLICTOPUH U ABIAITCH KOMIAKTAME METPHYECKHX TPOCTPAHCTE, a (DyHK-
uust F'(Tp,Jp) HenpepblBHA HA TPOH3BEICHUN

Uy x - oxUp x V] x - x V.

Onpegenaum napy crparerui

= (@t =1,...T), §°= (3. 1,...7),

HCIIOTB3VA METOT JUHAMUNECKO20 npozpammuposarud. Joonpenennm (pyHK-
nuio F' Ha Beex oTpeskax nmapTum BHAA (T, T, ) Win (T, 7,) ¥ HA30BeM
ee ynryueti Beasmana., Kommonenrst crparernii 29, Y Oyaem 3agasath B

NopsaKe, 0OPATHOM BBIOOpAM HTPOKOB.
OnpegeuM BeJTHIHHY

- def Fiaq) .

v=max F(z;) "=  max min F(ry,y)=..
z1ely r1elly yeVi(s)
= max min .. max min F(Zp, Jr).

z1elly y1€Vi(s)  apelp() yreVe()

Teopema 8.1 (Llepmemno). Besakas MHOromarosas aHTaroHUCTHYECKAS
urpa ¢ noanoil uadpopmanueii I' (i I') umeer pemenne (z°, 77, 0).

20. CVITyaLIMFI paBHOBeCUA Urpbl MHOTUX NN U ee HeaAOCTaTKU
[TongaTne anTaroHHCTHYCCKOH HI'PEL MOMHO SHAYTHTEILHO PACIIHPHTDL. B

HT'Pe JIBYX JIUI, HHTepPechl HIPOKOB HeoDA3aTe/bHO OBIBAIOT MPOTHBONOIOMK-
Heivu. Pacemarpupaior u urpel MHorux jui. Vv nocesimena Tpersd riaea.
Onpegenum urpy apyx jaui. [Ivers nepeslii urpok mmeer B cBoem pac-

MOPSAZKEeHHH CTPaTerud T W3 MHOXKecTBa cTparerunii X, a Bropoil urpok —
cTpaTeruy y U3 MHOXKecTBa crpateruit Y. Byjiem pacemarpuBaTh HTDY B HOp-

MaAbHOT hopme. DTo 03HAYAET, YTO KAXKIBII U3 UIPOKOB BRIDHpaeT cTpa-



Teruto, He 3Hag Beibopa napruepa. [lapy crpareruii (z,y) 6yaem HazbBaTh
cumyayueti. Y MepBOro Urpoka umMeeTcs (hVHKINSA BuIUTpbima F(z,y), a y
BTOPOro — (hyHKIHS BuiUrphina G(z,y), Onpeie/eHHbe Ha MHOKECTBE BCEX
curvanuit X x Y. Kamaptii urpok crpeMures, Mo BO3MOKHOCTH, MAKCHMHE-
3UPOBATHL CBOK (PYHKIMIO BRIMIPBINA. Takuym obpa3oMm, Hrpa ABYX JIHI B
HOpMaJILHOIT hopMe 3a1aerca Habopom [ = <X, Y, Fl(z,y), G(z, y)}

B anTtaroHucTHYeCKO HIpe NOHATHE PEeIIeHHs Mbl CBA3LIBAIIH C Ce1I0BO
TOUKOH (DYHKIHH BBIHTPHIIA IEPBOTO HIPOKA. B HpoM3BOILHON HIpe ABYX
JIHI] AHAJIOTOM CEeJLIOBOH TOUYKH ABASATCH NOHIATHE CUMYAUUL PA6HOGECILA.

Onpedeaenue. Curyauus (2%, y°) nassipaerca curyanuel pasaosecus (pas-
noeecuem 1o Hamy) urper I, econ

Flz,y") = F(z°,y"), G(z°, y) = Gz, y").
max F(z,y") = F(z7.y"), max (z°,y) = G(z",y")

o [ v . | PSS L s B s ) =l L9 \ e\l [

CT ATerun .JL‘D 51 D_ COCTABTAIOIHS CHTVAILHID DABHOBECHS, ﬁ}’,ﬂPM Ha3BIEATE
PaEHOGECHBLAMLL. Ecin oba HT'POKa NPHISPAHBAKTCH CHTVAIHH PABHOBECHH,
TO OIHOMY HI'DOKY OT Hee HeBBII'OOHO OTKJIOHATBHCH.

ObcyanM, KaK MOYKHO HCIIOJIB30BATH NOHATHE paBHoBecus mo Hamy ¢ Tou-
KH 3peHusd NpUHATHA pemienuil. B Teopum urp, kKak U Bo MHOIHX JIPVIHX
TEOPHAX, MOMKHO BBLIEAHTE JBA MMOAXOJA: HOPMAMUSHBIT 0 No3umueHsiil.
HopmaTtuenbiii moAxo1 cOCTOUT B TOM, YTO TEOPHA JAST PEKOMEHIAIINH, KaK
caeayer AeficTBoBAThL B TOH WK WHOI KoHduinKTHOH cuTyainmu. A npu no3u-
THBHOM I10/IX0/1€e TEOPHs NBITACTCH OMHCATh, KAK HA CAMOM J1e/1e IPOHCXOIHT
B3anMojeiicTue Mex 1y urpokaMu. znavanbHo Teopusi Urp pa3BUBAIACH
kak HopMmarupHas. Il ceituac mbl obeyausm nonaTue pasHoBecus no Hsmy
HMEHHO ¢ TAKO TOYKH 3peHnd. B aToM civvdae npaBuio NpUHATHA PellleHns
MOZKHO C(POPMYJIHPOBATE CJIEAVIONINM 00pa3oM: B KOH(DIHKTHOR CHTYAIINH,
omuceiBaeMoil Urpoil B HopMasbHOI popMe, KaiKI0MY VUACTHHKY CJIeIVeT
HCIOIB30BATh CTPATErHID, KOTopad BXOIUT B papHopecue rno Hamy. [To3zu-

Onpedeaenue. rpa asyx qun [ HazbiBaeTcd DUMaTPHHIHON, ec/IH MHOZKe-
CTBA CTPATErHil HI'PDOKOB KOHEYHBI:

X={l..m} Y={1..,n}|

3neck i € X, j €Y — erparerun nepeoro U BTOPOro HIPOKOB. BuIUTphImm
HIPOKOB 3aal0TCs ABYMS MATPHIIAMH

A= (F(i!j))mxn = (aij)mXﬂ? B = (G(i‘!j))mx‘ﬂ = (bi')mxn-




Onpedeaernue. Caryauus (i, j7) Gumarpuunoii urpet I' nazeisaercs cury-
arueil papaosecus (pasHosecueMm 1o Hsmy), ecan

a0 = agogo, 1=1,...,m, bp; < bpjo, j=1,...n.

DneMeHT (49j° ABJAETCA MaKCHMATbHBIM B j” cTon0Ue MaTpHibl A, a [0;0

MaKCHMAIBHEIM B " CTPOKE MaTpHILI B
Beerna nu B urpe ayx Jimi cyuiecTeyeT curvanus papiopecus’! B obmewm
caviae OTBeT — OTPHUATENbHBI, NOCKOIbLKY, HAIPHMED, B AHTATOHHCTH'YE-

CKOI HI'De He BCelJla CVIIeCTBEVeT Cel10Bad TOYKA.

\
Henonwzopanne CHT}’H.].[HH PABHOBECHA Ha NMPAKTHEE YacT(O CBASLBIBACTCH

CO CJIeIVIONIHM CIIeHAPUeM MoBeIeHnd HIPoKoR. OHE cHavaIa JOIAHEL J10T0-
BOPHUTBCS O CUTYAIIHH PABHOBECHH, 3aTeM BCAKHE MMePeroBOpPbl 3alpeniaioTcs
1 HIPOKH HE3aBHCHMO BRIOMPAIOT CBOM CTPATErHH, BO3MOMKHO HAPYIIAS TTPH-
HATOEe COIVIALIEHHE. 3aMEeTHM, YTO OJHOMY HIPOKY OV/eT HeBBINOJIHO OTKJIO-
HATBLCS OT CBOeH paBHOBeCHOI cTpaternd. Ecim HrpoKH NpuIepKuBaoTes B
HI'pe TAKOTO CIIeHAPHSA MoBeIeHudA, To urpa ' HazsiBaeTcs Oeckoaautuonnot.

Onpedeaenue. Curyauna (2% y?) urpsr [ HazbiBaeTca onTAMaIbHOA 110
[Tapero, ecin He cyIecTBYeT TAKOll CHTYAIIHH (T,Y) YTO BBINOJIHEHB Hepa-
BEHCTBA

F(z,y) = F(2".4"), G(z,y) = G(z",y")
I IPH 9TOM XOTd OBl OJHO U3 HUX — CTPOroe.
Mel OTMETHIIH TPH HEJIOCTATKA MOHATHS paBHOBecHda mo Hsmy:
1) pasuoecuii o Hamy B urpe MoxkeT He CyHNIECTBOBATH;
2) pasuosecue o Hamy Moxker GuITh He eHHCTBEHHO;
3) pasnosecue no Hamy mozxker 6pire HeadpekrusHo.

Ho, HecMoTps Ha 9TH HeJOCTATKH, YKA3aHHOE MMOHATHe HIPaeT HeHTPalb-

HYIO0 POJIb B TEOPHH NMPUHATHS PelleHuil B KOH(DIHKTHBIX CHTVAIIHAX.

21. Teopema cylwecTBOBaHUA CUTyaUUMn paBHOBeCUA ANA UrPbl MHOTMX Nul.

[Ipupegenm TeopeMy cyHIECTBOBAHHS CHTVAIIHH PABHOBECHS B HIDe JBVX
JIHIL, KOTOpad dagercs obodiennem Teopembl 2.3, [lpeapapurensno cdop-
MYJIHPYVEM TOMOJOTHYECKVI0 TeOPeMY 0 HenodeurcHotll movke.

Teopema 9.1 (Bpaysp). llycrs f: Z — Z — uenpepoigaoe orobpazke-
Hie B cebd BBIMYK/IOTO KOMIAKTA Z KOHEeYHOMEPHOI'O eBKJIHI0BA MPOCTPaH-
crea. Torga y Hero cymecTsyeT HenojasizKHag Touka z° : f(27) = 2"




Teopema 9.2. Ilycte B urpe asyx jun I muaozxkectea X u Y — BRINVK/IBIE
KOMIAKTHl eBKJIHI0BLIX npoctpancts E™ u E™. [lpeanonoxum, urto ¢pyHK-
uun F(z, y) u G(x, y) nenpepeisubl Ha X x Y, dyakuua F(r,y) Borayra no r
npu J1100oM puKkcHpopaHHOM ¥, a pyHKIEA G(7, ) BOIHYTA 0 Y TPH JTI0O0M
pukcupopannom x. Toraa B urpe I' cymecTByer cuTyalns paBHOBECHS.

22. MeToa noucka cutyauum paBHOBECUSA C UCNOSIb3OBaHUEM (PYHKLIMIA
Hauny4lnx oTBETOB.

Pacemorpun MeTo1 MOMCKA CHTVAIIMH PABHOBECHS ¢ HCIIOJIB30BAHUEM MHO-
AKeCTB HAWJIVIIINX oTBeTOR X (1) = Arg ma%{F[z, yyuYi(r)=Arg max Glr,y).
EC. ' ue

OH COCTOHT B pellleHHH CHCTeMBI BEJIIOYEHHH
e X(y°), " € Y(29). (9.1)

B caygae, korjga y UIpoKOB CYHIECTBYIOT HeNpepbiBHBIE (DYHKIHH HAWITY'-
mero orseta x(y) u y(x) (cM. mepByO 9acTh J0Ka3aTebCTBA TeopeMbl 9.2)
cucrema Briodennii (9.1) sxksuBaenTHA cHCTeMe YpaBHEHHUIT

x(y°) = 2% y(2°) = ¢°.

¥

s unesenHoro pentenHust cucreMbl BKaodenuit (9.1) wacrto npumens-
eresa npouedypa nawynveanus no Kypno. Ona 3akiiovaercsd B HOCTPOCHHH
110C/1e/I0BATEIbHOCTH CTpaTerHit:

e X, yt e Y(ah), 22 ¢ X(o), v? € Y(2?) u n.o.

[Tycrs mociegopatensnoctn crparernii {xF}, {y*} exomares coorser-
creenno K ¥ u y”. Toraa (2°,4%) — curyauus paBnoBecus, MOCKOILKY J1/151
(2", ") cnpaseanea cucrema pkmovennii (9.1) (M. J0Ka3aTelbCTBO Teope-
mbl 2.2). Oxnako nocieaosarensnocr {2}, {y*)} cxonsares ne Beerja.

23. CBoMcTBa CUTyaL M paBHOBECUA B CMELLUaHHbIX CTpaTermax 6MMaTprUYiHbIX Urp.
[Tepeiizem K cMemraHHbIM pacHiHpeHHAM OEMATPHYHBIX Urp 1, sagasae-
MBIX MaTpHIIAMH

-’4- = [a'ijjlmxna B = (bz]mx’ﬂf

CwMelaHHbIe CTPATEIHH UTPDOKOB 3/1eCh TAKHE YKe, KAK H B MATPHYHOI Hrpe:
peF, g Q. OxugaeMble BEIHTPBIITH HIPOKOB —

Alp.q) = Z Z pitijq5, Blp,q) = Z Z Pibijd;.

i=1 j=1 i=1 j=1



B pesviabTare VIV CMellaHHOe DacIlipeHne 6111'IF[TPH‘]HDﬁ HI'DEBL
I'=(P.Q.Alp,q), B(p,q)).

Cutyamun papHoBecus HTpel [ Oy/iem HA3BIBATH CHTYAIHAMH PABHOBECHS B
CMEMIAHHBIX CTpaTerigaX (IWIH cMelanHbIME papHoBecusMu o Hamry) mexos-
HOM urpsl 1.

Jemma 10.1. Taa toro urobul curyamua (p°,¢") Obl1a curyamueit pae-
HOBECHS B CMEMIAHHBLIX CTpATerudax omMarpu4noil urpet [, Heobxomumo u

JOCTATOYMHO, 9TOOB OBLTO BRITOJIHEHO VCIIoBHe

-’4(? qﬂ] = -’ﬁl(fjﬂr qﬂ:la t=1,..,m, (%)
*
B(p",j) = B(p".¢"), j=1,...n

Teopema 10.1 (cBoiicTBO monousHgAONMEH HexkecTtkocTH ). [lvers
(p%,¢") — curyanus papBHOBecHs B CMENIAHHBIX CTPATErHSX OHMATPHIHOI
urpet I'. Torna

1p; >0 = Ai,¢°) = Ap°, ¢°);

2)q} >0 = B(p",j)=B(r", ")

Caedemeue. Tlyers (p°, ¢") — curyanus papHOBeCcHS B CMEIIAHHBIX CTPa-
rerngx oOumatpuaaoil urpst I'. Torma

1) A, 4°) < A(p°,¢°) = pi =0;

2) B(p°,j) < B(p°,¢") = ¢j =0.

24. PewweHne bMMaTpUYHBbIX UFP B CMELUaHHbIX CTpaTerunsix.

Teopema 10.2. [I1a toro uro6s curyamus (p°, ¢) 6eu1a cutyanueii pas-
HOBECHA B CMEIMIAHHBIX cTpaTerundax ouMmarpuaHoii urpel ', Heobxonumo u j1o-
cTaTouno, 4Tobb Hanuiuch MHoKeersa X C X, V' C YV u uncna vy, ve, 114

KOTOPBIX BBINMOJTHEHBI VCJIOBHA

( Z tli-;qu =1 Yie )S.PD? Z p,?bz-j = Up \‘Tfj = YG,
{2 g < v Vid X9 (10.1) 2 pibiy < v Vi ¢ Y0 (10.2)
JEY® X0
Y =120 VjeY" Lp=lpz0 VieXn
\jEYU \'i;.'f—:XD
IIOJIOKUM

vy =A(p°,¢%), va=B(p°",¢"). X ={ic X |p! >0}, Y’ ={j Y |q] >0}



Teopema 10.3°. B soboit ouvarpuyanoit urpe I' 118 Hewomopoti cutya-
nun pasaosecus (p”, ¢”) B cMemAHHBLIX cTpaTernax HaliIyTcs Takue MHOZKe-

crea X" C X, Y° C Y u takne 4ucia vy, Ua, UTO BHIIOTHEHBl VCIOBHS (10.1),
(10.2) u |XC'| = |}’D|.

PHCCMDTPHI‘-.-] AJIMOPHTM IMOHCKL CHT}’HLI,I{ﬁ PABHOBECHA B CMEITaHHBIX CTPa-
Ternax. Hepeﬁnpaem KeadpaTHREIE MOoIMaTPHIBI

A= (a'ij)éeﬂf”jel’”s B= (bz’j)iEX':'jEYD

u pemaem cucremsl ypasrenuil 13 (10.1),(10.2). Eciu permenns 3Tux cueteM
ploie X% vu g, j €Y, vy yIoBaeTBopaioT HepaBeHCTBAM W3 YCIOBHI
10.1 u 10.2, 1o, mobasisia xkomnonentsl p; = 0, i ¢ XY ¢; =0, j ¢ Y",
nonayaum curyanuio pasuosecus (p°,q"). 113 teopembr 10.37 Bertekaer, uro

Hepes KOHe'YHOe YHCTO arobs aJIFOpHTM IPHBOAHT K CHTYVAIUNH DABHOBECHA.

25. PeweHue urpsbl . PaBHOBecue no LLTtakenb6epry.

3/1ech MBI paccMaTpPHBAeM UTPBI JABYX JHI, B KOTOPBIX HTPOKH MPesK/Ie,
qeM BRIOpaTh cTpaTerun r £ X, y £ Y, npeapapUTebHO 0OMEHHBAIOTCSH
nHopmalmeil o ceonx Beibopax. Takoro pojia HIpsl OMHCHIBAIOT B3aHMOIeT-
CTBHE MEAJIY BEPXHHM H HHKHHM 3BeHLAMH VIIPaBJIeHHA (Hﬂ‘{ﬂ.l'leHKDM 15}
MIOTUHHEHHBIM, HeHTPOM H NPOH3BOIUTEIeM NPOJIVKIIHH H T.r[.) H Ha3blBa-
I0TCA Uepaprudeckumi. byaeM cHHTATH, YTO NepBBI HIPOK OCYVIIECTRISET
VIIPABJIeHHEe BTOPBIM HIPDOKOM H Je/1aeT COODIIeHNne MepPBhIM.

PaceMoTpuM HCXOMHVIO UTPY IBYX JIHI B HOPMAJILHOH dopue
I'= (X, Y, Flz,y), G(x, -y)), HA OCHOBE KOTOPOil OV/IeM CTPOHTEL Hepapxuie-
ckue urpel. [Ipu sToM Hac Oyaer HHTepecoBaTh HAWIVUIIHN rapaHTHPOBAH-
HBI pe3yibTaT (BLIMIPLI), KOTOPbI MOKeT NOJYVYHThL B HIPe HepBbIl HI-
pok. B mannom naparpacpe npeanonaraeres, uro pyukunn F(z, y) u G(x, y)
HeHPepPLIBHLI HA TPOH3EeIeHHN X X Y KOMIIAKTOB METPHYCCKHX IIPOCTPAHCTE.

Mrpa I'y. [leperiit urpok Beibupaer crpateruio r € X u coodIaeT ee BTO-
pomy. 3areMm BTOpoil HTpoOK BRIOUpaeT crpaternto y € Y, 3naqa x. [lpu atom

OV/IeM UCTIOIB30BATH CXEMATHYHYIO 3AITHCH ;riy. Cwbics nogobHBIX coobnre-
HUI OYeBHICH B TeX CJIVUasX, KOrjda HHTepeckl urpokos Oauszku. Hanpuwep,
eCJIH Bbl PENIHJIN ¢ KeM-HHOY/b BCTPETHTBLCH, TO coodIIaere, Kyla NpHe-
Te. Urpa I'y asiserca nHeantaroHucTuvdecKoil oJHOMATOBO HIpoil ¢ noTHOi
nHpoOpMaIneii.




DKOHOMHYECKAS HHTePIpeTalis: nepeblil HrpoK (HeHTp) coobiaer Bro-
POMY HIPOKY (IPOH3BOIUTE/NIO MPOAVKIHE) EeHY T Ha Hpoayvknuio. Bropoi
HI'POK BHITYCKAET MPOJAVKIHIO B KOJIHYeCTBe §f, 3HAs 1EeHY T.

[Tonesno samucars urpy [y B wopmansnoii dopue. Bropoit urpok we-
MNOJAL3VET cTpaTeruu BHAa ¢ © X — Y. MHoKecTBO BCexX TaKux cTpaTeruii
oboznaunM uepes {g}. Toraa

1= (X, {g}, F(z,9),G(z.9)).

def def
rae Fz,g)=F(z,g(z)), G(z,g)= G(z, g(z)).

Haiinem mamavammii rapaHTHpPOBAHHBIIH pe3yiabTar F) NMepBOro Urpoka B
urpe ['y. Ilpeanonoxum, aro BTOpOil HIPOK, 3HAA T, BRIOHpaeT

y € Y(z) = Argmax G(z, ),
yeY

T.e. MAKCHMH3HPYeT cBoo (pyHKIHo serurpeima G(x, y). [lepsoiii urpok 3na-
eT (DYHKIMIO BRIMIPBIIIA BTOPOTO HIPOKA, €My TaKKe H3BeCTHO, YTO BTOPOil
GyaeT BRIOHPATH CTPATerHi0 U3 MHOKecTBa Y (), HO OH He 3HAET KOHKDEeT-
Horo eeibopa y € Y(z).

Beguwuuua Wir) = min Flz,y) HazsBaeTest oueHkotl ; ERMUEHOCTIIL
Yiz) '
yel (z

(rapaHTHPOBAHHBIM PE3VJILTATOM) CTPATETHH .
3ameruM, 9To MHOKecTBO Y () — Hemycroe u apigercd komnaktoM. Ciie-

JOBATEILHO, N JIOCTHTAETCH W HAWIYYUIIHI rapaHTHPOBAHHBIH Pe3y ibTaT
ye¥(z)
HMEeT BT

Fy =sup min F(z,y).
reX ueYiz)
Onpedeaenue. [lyers zagano £ > 0. Crpaterus mepeoro Urpoka r° Ha3bl-
BaeTcs s-onTuMaibHoil B urpe 'y, ectn Wi(z®) = F} — e,

B ,H‘ﬂ.-II:rHEﬁU_IEI\-{ MEI ]’Ip[»‘IBE,ﬂ_EI'u'I l’[pHI’dEp, B KDTOpl_}I'u'I SU.p He JOCTHrAeTCH.
re X
PELUHTI:- HI'pY Pj_ — 3T0 3HAYNAT HAHTH BEJIHIHHY Fj_ H E-0IITHMAJBEHYH CTPa-

Teruio ©° NpH 3ajJanHom £ > (),

Onpegenum tenepb pashogecue no [Hlmarweavbepzy urps 'y, [omomxim

Y*(:c) =Arg 111};:3&}: F(;r, -y) — MHOZKECTBO HAWIVYIIHY OTBETOB BTOPOT'0 HI'POKA,
el (x)

DUIaroKeIaTe IbHBIX 110 OTHOIIEHHID K MepeoMy.



Onpedeaenue. Curyannsa (z”, y¥) naswipaercs paenosecuem no Hlmaxean-
bepay, econ

7° € Argmax max F(z.vy). y° € Y*z").
€ Argmax max (z,y), ¥ (z7)

31ech NpenoaaraeTed, 4To BTOPOil HIPOK, NOJAVYIHE HH(OPMAIHIO 0 T, HC-
HOJIB3YVET CBOH HAWIVHIIN 0TBeT, DJ1aroKeIaTe/IbHbIH 10 OTHOMIEHHIO K Tep-
BOMY HI'POKYV.

26. Teopema Nepmenepa o peweHnun urpbil .
Hrpa I's. Teperiii urpok nepea BeIDOpoOM T HMeeT MOJTHYVI0O HHMOPMAIIHIO

00 1. OH XOAuT Nepeblil U coodIIaAeT BTOPOMY HIPDOKY CTpATerdio Buiaa f :
Y — X. MuoxkecTBo Beex Takux crpareruii oboznaunm uepesz | f}. Cxema

2 1
coobmenuii B urpe ['y : f —y — 2 = f(y).

DKoHOMHYeCKasd HHTepruperamusa: f(y) — BeJnunna npemun, obemiaemas
HEHTPOM 3a MPOH3BEICHHYIO TPOIVKIIHIO 1.

Haiitem Beipazkenue 11 HAMJIYUIIETO TAPAHTHPOBAHHOTO pe3yabrata [y
nepeoro urpoka B urpe 'y, [Ipeanonozkum, aro Bropoii urpok, suas f, BeiOu-
paer y w3 MHOKecTea Y (f) =Argma}g{ G(f(y),y). Muoxecrso Y(f) moxker

e

OKazaThes MycThIM, ecin yaknusa f paspeigHa. B cayuae nyeroro Y(f) Oy-
JIeM CHHTATH, YTO BTOPOI HIPOK MOKeT BRIOpPATL JIIOOVIO cTpaTerui y < Y.
Onpe e/ iiM MHOKeCTBO

vy = {YU YD A0,

Y, Y(f)=10.

B caenannbix npeanonoxkenusax Bropoii nrpok seibupaer y € Y f) 1 onenka
schpexTuBHOCTH cTpaTterun [ 3amaerca opMyIoil

W(f)= inf F(f(y),y).

veY*(f) '

Hawnyvmmii rapanTHPOBAHHBIN Pe3y/IBTAT MEPBOTO HTPOKA HMeeT BT

Fy=sup inf F(f(y),y).

fe{frvey™(f)
Onpedeaenue. Ilyers 3agano £ > 0. Crpaterus f° nassiBaercs

s-ontuMaasHOl B urpe [y, ecmm W(fe) = Fy — =.

[Tonck sennuunbl Fo no ykazannoii (opMy/ie BecbMa CJI0KeH, TAK Kak
CBA3AH ¢ PEIIeHHeM OITHMA3AIMOHHOI 3a1aun Ha MHOKecTBe (hyuxkuuit | f},
Mgl ganee yopoctum dopmyay aiaa Fh takum oOpazomM, 9TOOBI ONTHMH3AIH
BeJIaCh 10 HCXOAHBIM MHOXKecTBaM X u Y.



Gy = maf;{mii; Glr,y) — samay«mmil rapaHTHPOBAHHBII Pe3VILTAT BTO-
yor e

pOro HIPOKA MPH VCJIOBHH, 9TO MePBRIH TPHMEHAeT M0 OTHOIICHHID K HeMYy
crparernto "nakazanua" f5 o fH(y) E_Argnlii; Glr,y) VyeyY;
T
E =Arg1&q}:§ Iﬁlig G(z,1y) — MHOMKECTBO MAKCUMHHHBIX CTPATEIHH BTOPOTO
HI'POKA
D={{z,y) e X xY |G(z,y) > Ga};
sup Flz,y), D#£10,

— 0, D =1
M = min max F'(x, y).
mip map P

Teopema 11.1 (Tepmeitep). B ciaenansbix npenoioKeHHsx HALTY Y-
il rapaHTHPOBAHHBIH pe3v/bTaT NepBoro HIPoKa B Hrpe [y papen
Fy = max[K, M].

27. 3apgaya MHOrOKpUTepuanbHOM ONTUMU3ALUUN U YCIIOBUSA CYLLECTBOBaHUS
napeTo-onTUManbHbIX CTpaTerun.

B nannoil riaBe npeanosaraeTces, YTO UMEETCS OIHC
auo, npunumaoutee pewenue (JIIIP), suibupaiomee crparernio » € X. Tlpy
9TOM BO3MOXKHO HAJTHMYHE HeOlpeIe/eHHOCTeil.

' 31ech vy NEPBOrO HIPOKA UMeeTcd OJUH KpH-

TepHii OLEHKH HCXOI0B — ero (DVHKIHS BBINIDBIIIIA.
umeercda oanHo JIIIP, Ho cTrparerus x € X oueHuBaeTcss He CKAJISAPHBIM, a 6eK-

moprbstm kpumepuem W(x) = (Wi(z), ..., Wo(z)). IIpu aroM Kazkaeiid wacmubii
kputepuii W;(x) xenareibHO MAKCHMU3ZHPOBAThL. EC/IH 110 ¢MBIC/TY 3TOT KpHTE-
PHIT KeJTaTe/IbHO MUHHMH3HPOBATE, TO €0 MOXKHO 3aMeHuTh Ha — W, (z). Hrak,
HEOIPE/IE/IEHHOCTD 3/1eCh BbipazkaeTcs HesscHocTbio tesn JITTP (meckonbko kpu-
TEPHER ).

3ajata MHOTOKPHTEPHAIBHON ONTHMHU3AIHK 3aK/a04aeTcd B Beibope = € X
npH HaJau4uu BeKTopHoro Kpurepusa W(z). Kakywo crparerun x £ X ciaemy-
er BbiOUpaTs JIIIP 7 OTtser Ha sTor BOnpoc He npoct. leqdo B ToMm, 4T0, Kak
[IPaBUJIO, HE CYIIECTBYET CTpaTeruu = Arg H}:a% Wilz), i=1,...,s.

[Ipu perrennn MHOTOKpPHTEPHATBHBIX REL_,I[_}],‘: HCIIOIB3VIOT CTPATEIHH, ONIT-
Mmaabhbie no Hapemo.

Onpedeaenue. Crparerus r° € X mazeBaercs onrtuMaibsoil no Ilapero,

ecJli He cylmecTByer Takoif crparerun r € X, uro Wi(z) = Wi(2Y), i = 1,...,s,
1 XOTs Obl OJHO HEPABEHCTBO BLIMOIHEHO Kak crporoe, T.e. Wi(z) # W (zY).




MuoskecTBo Beex ontuMaibHbiX 10 [lapero crparteruii oboznauum 4depes
II(X.W). B paccmorpennom npumepe II(X, W) = {Il,x3}. Ormernm npocToii
criocod npoeepku onTuMaabHOCTH 110 ITapero crparerun z. [Ivers ¥ = W(X)
— MHOXKECTBO BEKTOPHBIX OIEHOK, OTBEHANIINX BCEBOIMOMKHBIM CTPATETHAM
r € X. Capuraem Heorpunarensueti oprant ES = {y € E, |y; = 0, i =1,..., s}
eBKJIMI0Ba HpocrpadcTea F* B rouky W(x). Ecian capunyreiii oprant (BKIOYas
ero IPaHUlbl) HE COAEPXKHT JIPYIUX BeKTOpoB, Kpome W(z), 1o z € II(X, W).
Bonee popmansio yenosue ontumanasioctu o [apero ansa crparterun r sanu-
coiBaercs B uge (Wi(x)+ E3)NY = {W(x)}.

Teopema 3.1. Ilycrs X — KOMIAKT MeTPHYECKOTO MPOCTPAHCTBA, & HacT-
uble Kputepun W;(x),i = 1, ..., s, Henpepsiensl Ha X . Torma muoxecteo 1Y, W)
HE MYCTO.

Hokazarenscreo. PacemorpuM e Iy0nIyio ceepmey BeKTOPHOIO KPUTepHs:

Fi(A\z) =3 \Wi(z),
=1 8
A=A A) EA={A D Ni=1A>0i=1 s}

i—1
Taxkum obpazom, MakCUMU3HPYHA cBepTKY Fi(A,x), MOXKHO NOIYYaTh OINTH-

maJsbabie 1o [Tapero crparerun. Ho ana seakoro s = € INX, W) dA e Az £
X1(A)7 Oreer B obieM ciiydae OTpHIATE TbHBIII.

28. NpeacraBneHne MHOXeCTBa OoNTUManbHbIX No Cnentepy crparerum c
MCMNOoNb30BaHMEM CBEPTKU TUMNA "MUHUMYM".

Pacemorpum apyryio ceeprky Fa(A, ) = 11_1__1_i_1_; AiWi(x), tme A € A, Ilpu uc-

W)

NOJBL30BAHIN 3TOI cBepTKH OyaeM npeanonaratk, 9to Wilz) = 0, Yo € X, i =
L,...,8 D70 He ABJdeTCH OrpaHHYeHHeM ODIIHOCTH.

Teopema 3.2.(10.B.I'epueiiep). Ilyers Bee wacThbie Kputepun W (x) Henpe-
PBIBHBI H MOMOXKUTEIBHBI HA KOMIAKTe X MEeTPHYecKOro npocTpaHcTBa. Torma

S{X, W) =UyeaXa(A). (1)

K coxanenuio, e Becerga Xo(A) C II{X, W),

29. HeobxoaumMble U oOCTaTOYHbIE YCNOBUSA ANSA ONTUManbHbIX no Cnentepy
cTpaTerMu B BbINyKNOW MHOroKpuTepuanbHoOn 3agade.




Hpyroit 1moaxoa cOCTOMT B aHAJUTHYECKOM MEeTOIe MOCTPOeHHs MHOMXKeCTBa
I1{ X, W), kotopoe nbITaloTes 3a/1aTh OrpaHHYeHHAME BUIA PABEHCTB WIH HEpa-
BeHCTB. Taxoii moaxo1 oCHOBAH HA HUCMOJIb30BAHHH YCIOBHIT, KOTOPBIM JOJIZKHBI
VAOBJETBOPATL onTHMa/bHBIe 110 [lapero wau Cheiitepy crparerun. Ilpusenem
NpUMep TAKHX VCIOBHIT 118 clIydasi BOTHYTHIX KPHUTEPHEB Ha BBLILIYKJIOM KOM-
NaKTe eBKJIMJI0BA pocTpaHcTea £,

Onpedeaenue. Iycrs x° € X. Tosopar, uro BekTop a € E™ 3a1aer B ToUKe
2V Hanpap/eHue, JOIYCTHMOE [ MHOMKeCTBa X, eI Hailjgercs Takoe g > 0,
yro 20 + =r € X 715 Beex £ £ [0, 20).

ITo cMBICTY, JABHTASCH U3 TOYKH U B HAIPABIEHHH v, Mbl HEKOTOPOE BPEMS
6yaeMm ocraBaTbhes B MHOMKecTBe X . MHOMKECTBO BCEX JONYCTHMBIX B TOUKe v
Harnpagejesnii 06o3naunm gepes L(z).

Tas =%, BuyTpenneii Touku MHOKecTBa X, J1I06OE HAINDABJICHHE SBJISETCS
AonycruMeiM. s rpasdyHOl TOYKH KPyra Ha ILUIOCKOCTH JIONYCTHMO J000e
HallpaBJIeHHe, Beayiiee BHYTpbL Kpyra. Kacarenbnoe Hanpas/JIeHHe J10IMyCTHMBIM

He ABJIAeTCH.

Teopema 3.3. Ilycte Bee wacTHble KpuTepun W;(x), ¢ = 1,..., 8 BOTHYTEI
W HelpepbiBHO JudpepeHiHpyeMbl Ha BBITYKJIOM KOMIakTe X eBKIHI0BA MPO-
crparcrBa. Torma ams Toro, 4robbr " ¢ S(X, W) HeobxoauMo U JOCTATOYHO,
4TOOBI HAILILIOCH TAKOE JIONMYCTHMoe Hanpasienne a < L(xY), uro

(W!(z%),a) >0, i=1,...,s. (2)

[Tosromy my1d cTpoOro BOruy-
TBIX KpHUTepHer TeopeMma 3.3 gaeT HeoOXOJMMbIe W J0CTATOYHBLIE YCJIOBHS 17151
onTuMaabHeIX 10 [lapero crpareruii.

30. 3apgaya NpUHATUA peLUeHUA NPU HanNU4YumM GMHaAPHOro OTHOLUEHMUS.

Onpedeaenue. bunapaeiv orHOmeHnem K Ha MHOXKecTBe X Ha3bIBAETCH 110/1-
muozxkecTrso B X = X,

Bunapnoe ornomenne R 37eck HHTEPHIPETHPYETCH CAeAYIONIM 00pa3oM: ec-
m (z,z') € R, o pua JIIIP crparerus x jayume crparerun =’ (Wi He XyiKe,
yem '), Bumecro (r,2') € R 00bdHO HCNOMB3YIOT O0Ojiee pocTyio 3anuck xR’
Ecm (z,2') 4 R, To 6yaem nucars Rz’



Bunaphoe oTHOIeHHe HA3BIBAETCH:
a) pedekcupnbiM, ecin rRr Ve € X
6) aarupedekcuBabiM, ecin rRr Ve € X
B) CUMMeTpHYHBIM, ecid TRy = yRr Ve, y € X;
r) acHMMeTpHUYHBIM, eciin xRy = yRr Yr,y € X;
J) TpaH3uTHBHLIM, eciiu xRy, yRz = v Rz Vr,y, z € X;
P) ALMKJIHYHBIM, €CJTH E;rl, ...?;t.'k c X :2'Re%2R.. . Ra* Rl
Pacemorpum npumepsl. B — BUHapHOE OTHOIIEHHE CPABHEHHsI CTpaTeruii
10 BEKTOPHOMY KpUTepHio B HecTporom cmbicie (no Ilapero) wim B crporom
cubicsie (o Coefitepy). 9T0 TpaH3UTHBHBIE, ACUMMETPHYHBIE OTHOILICHHS.
Onpedeaenue. MuoxecTro

C(X,R)={2' € X | 2Rz = 2'Rx) (1)

Ha3bIBaeTcd Adpom DUHAPHOTO OTHOIEeHud R.
ITo cvpicay e 2’ € C(X, R) u x ne xyzKe, uem ', To U =’ He Xy¥Ke, ueM .
Ecnu Ounaproe otHOmeHne R acHMMeTPHYHO, TO SAPY MOYKHO [1aTh 5KBH-
BAJIEHTHOE, DoJee y100HOe ompe/ie/eHue:

C(X,R)={2'cX| BzecX:zRe'). (2)

B kauecTre npuioxkeHnsa oDIIeil 38,1441 NPUHATHA PeIIeHHil IOCTaBHM 38,14~
4y COKpalleHHs MHOMXKecTBa onTHMaabHbIX 10 [lapero crparernii I1( X, W) na
ocHoBe 3KcnepTHoil naopMmanun. [ogxoa o1 npegioxen B.B.Ilogunoeckum.

31. MeTop cyxeHUA MHOXeCTBa NapeTo-onTUMaribHbIX CTpaTernm Ha ocHoBe
mHcopmaLmn o cpaBHUTENIbHOW BaXHOCTU UM paBHOLLEHHOCTU KpUTepueB.

Teneps npoeegem Heobxoaumyto hopMatn3anuio. byaem ropopuTs, 9T0 4acT-

nple kpurepun Wi(xr) n W;(x) ognopoausl, ecin max Wi(z) = maxW;(z) u
reX reX

ilél)lg Wilr) = ;1.151)1{1 W;(x), To ects kpurepun Wi(x) u W;(xr) umeor ogunakopsle
AUATNAZOHBI H3MEHEHH .

Ecin kpurepun Wi(z) n W(x) He apisA0TCa 0JIHOPOAHBIMU U HE ABIAITCA
KOHCTAHTAMM, TO HX MOXKHO ¢Je1aTh OJHOPOIHBIMH, 3aMeHHB Kpurepuit W, (x)
na kpurepuii aW;(z)+ 3, rae a > 0 u 3 coorsercTByiomuM obpazom noaobpas-
HBIE KOHCTAHTEL.

[ycrs I = {1,...,5} — MHOxKecTBO HOMepoB Kpurepuep. Mudopmanusa or
JIIIP o cpaBHuTENBHOI BAXKHOCTH WM PABHOLEHHOCTH KPHTEPHER 3aaHa MHO-
wecrteamu A1, As C I'x 1. 3aece A7 — MHOXKecTBO nap (r,{) HOMEpPOB PABHOLIEH-
HBIX KPUTEPHEB, As — MHOMKeCTBO Takux nap (r, t), aro kpurepuii W,.(r) Baxknee
kputepuda Wi(x). A1 n Ao MOxKHO paccMaTpHBaTh Kak OMHAPHBIE OTHOIICHNS Ha



I : Ay — oTHOIIEHHE PABHOIIEHHOCTH KPUTEPHER, a A — OTHOIIeHHe HX CTPOroro
npeanoydTenus. EcrecTBeHHO NPeanoioKuTh, 9TO OTHOMIEHHe A CHMMETPHYHO
H TPAH3UTHBHO, OTHOIIeHHe Ao acHMMeTpHYHO u TpaH3uTHBHO. HudbopMmaims,
BEIpasKeHHaA B OMHAPHBIX OoTHOIeHHAX A1 U Ao, nomkHa ObITH HENPOTHBOPE-
YHBONH B TOM CMBIC/IE, MTO HeJb3s MOCTPOUTH LenovKy euga rBitBs...Bir, raoe
B, = Ay unu Ao w ve ansa seex 1 B; = A;. Hanpumep, ecimn undopmalimis
HEMPOTHBOPEYHBA, TO HeJIb3d HOCTPOHTh Heno4dky euaa 14;24-,34,1.

HenporupopeduBocTs 3KCIepTHON HHMOPMAIHH MOXKHO 3aaTh CJIETY KM
crocobom. Onpenenun Ha MHOXKecTese | BuHapHoe orHOmeHnue: r®f BINOIHEHO
TOABKO B TOM CJIVHae, KOrla CyLUIecTByeT uenodka igBiiqBs....Briy, rae ip =
r, i = t, a Kaxaoe OuHapHoe ortHomenuwe By, [ = 1,....k, paBHo mubo Aq.
aubo Ao ¥ cpean HEX ecTh 10 Kpailineil oaHo orHomenue Ao, Herpyano suaers,
40 OuHapHoe otHomeHue ¢ TpanzutueHo. Henporuepopeuusocts uadopMalmn
COCTOMT B TOM, 49TO ODHHApHOE oTHOIIeHHe P anTHpedIeKCHBHO.

B epxnumoeom npocrpanctee E¥ pekTopHBIX oneHok y = W(x) onpenennm
caeaywine DUHAPHBIE OTHOIIEHHS.

Orraomenne Ilapero —

P = {{y?yj} EE X E°|y; = y;:, i=1,..,s, yﬁéy’}.

s napet (r,t),r # t ¥ BeKTOpa y BBedeM BeKTOp "', MOJIYYeHHBIH U3 1 nepe-
CTAHOBKOI r-if U 1-i1 KOMIIOHEHT.

ITyers rAgt. Onpenenum 6unaproe orHomenne Sy Ha B : ySyz < 2 =y,
Ecan kpurepun W, u W, pasnonenns: asa JIIIP, To 1 BekTopHbIE OLIEHKH ¥ H
Z PABHOLEHHBI /I HErO MPH .5, %.

IIyers rAst. OupenennyM 6Gunapuoe ornomenue 1,y yTez < z =y, y, >
y¢. o cmbiciy ecis r-ii Kpurepuii npeanouTuTe/Ibieil {-ro, To OUeHKa y npe-
noururensreil qua JIIIP ouenku z, nockonsky no doiee npeanodTHTeILHOMY
KPHTEPHID 3HaYeHHe DObIIe B OleHKe .

OnpegennM, HAKOHEI, pe3yIbTHpYIOmee Ounapuoe ornomenne R : yRy', ec-
JM CYLIECTBYET TaKas MOCIeIOBATeNLHOCTE 20,21, ..., 2%, uro y = 27, ¢ = ¥
u 2" Hoz Hy ... Hj,_12", rie 6unapusie oraomenns H; < [P, Sy rAqgt, Ty
rAst} u npu srom He Bee Hy = S,;. B aroM ciyuae 6y/1eM TOBOPHTE, YTO NOCTIE-

A0BATETEHOCTE ZD, 21 g suny Zk CBA3BIBEAET BEKTOPHEIE OIIEHKH U | y’

Jlemma 1. BHH&DH(}E oTHOIenne R — TPpaH3HTHBEHOE H allHK.JIHYHOES.

Hycrs I(X, W) = {2}, ..2m} u [I(Y) = {y* = W(z"), i = 1,...m} —
COOTBETCTBYIOIIHE BEKTOPHBIE OLEHKH. 3aja4uy cyzxkenus muoxkecrea II(X, W)
MOxkHO chopmynuposars Tak: Tpebyeres waiitu sapo C(IL(Y), R) Gunapuoro
oraomenns R na muaoxecrse II(Y). Tockonbky orHOlenne R anukiuvHo u
TpaHzuTHBHO, a MHOKecTBO [1(Y) KoHeuno, o aapo C(II(Y), R) ue nycro.




UcHOBHAHA 3a0a4a 30eCk COCTOHT B CA Ve, r.U,JIH ABVX BEKTOPHELX OLe-
HOK Y H 'yf Tp96yETCH BBIACHHTEL, CEA3ZAHLL JIH OHH OTHOIIEHHEM F. B uacTHBIX
CIIVYIadAX 3Ta 3a/Jaa pellaeTCd HeC TOHHO. PB.CCM(}TPHM MpHMEepPEL

1. [Tycre BCe WacTHBIE KPUTEPHH paBHOUEHHBL, T.e. A7 = [ x I, a Ay = (.
HroObl CPpABHUTEL BEKTOPHBIC OLEHKH ¥ U Y', HYKHO CHAYAIA YIOPAIOYHUTHL HX
KOMIIOHEHTHI, a 0ToM cpaBHUTh uX 1o [lapero. Bomnee dropuansho, onpeenmm
pekTOp #(y) € £°, 0Opa3oBaHHbLIT U3 KOMIIOHEHT BEKTOPA Y, PACIOIOKEHHBIX B
nopsaKe yObIBaHUs:

O1(y) = Baly) = ... = 0.(y).

3necw A1 (y) = min y; — HauDOJIBIIAS KOMIIOHEeHTa BeKTOpa 1, a f.(y) = max y;
1 "’.‘.— < s "'.‘.- < s

— HAMMEHLIIAA.

Jemma 2. Ecim y Py, To 8(y)PO(y').

Ymeepocdenue. Eciim Ay = I x I, 1o yRy' BeInoIneno Toraa 1 TOJILKO TOLIA.,

xorzaa A(y)PA(y').

32. 3apaya cpaBHeHUA ynpaBnsieMbIX AMHAMUYEeCKUX 06 bEKTOB
Hunamudecknit oObekT 3ajaercd cHCTeMOil 0DBIKHOBEHHBIX dudyepeniin-
AJILHBIX VPABHEHHUI

i= f(z,u,2), z(tg) = 2°, (1)

rne z € Z(x) = {z € E™ | g;(z) < w;(z), 7 = 1,..,I} — BekTop pa3oBbIX
nepeMeHHbix, © € X — BeKTOP KOHCTPYKTHBHBLIX napamerpos (crparerus JIIIP)
u u < U — ynpaenenue.

K rakomy knaccy o0beKTOB OTHOCATCS JIETATEILHBIN anmnapat, poboT-MaHHIYIATOpD,

MeKTpUYecKas ek u T.0. Bo3HukaeT ponpoc, Kak CPaBHUTh JIBA BapHAHTA T U
7' KOHCTPYKUMI JMHAMHYECKOH cucTeMbl?

[Iycre H — muoxectso B E™. Oboznauum uepes convH BeIyKIyw obo-
JIOMKY MHOXecTBa H, T. e. nmepecevyeHHe BCeX BBIIVKJIBIX MHOMeCTE u3 E™,

cofepxkaimux Muoxkectso H. Brimyknaa obonouka convH npencrasnsger coboit
k
COBOKYIHOCTD BCEBO3MOMKHBIX BBITYKILIX KoMOuHamuil Buga »  A;z’, rie

i=1
I
SN =L A>0, 2 eH, j=1,..k
i=1
CHP&BE,H'.HHBD Clleyiolee YIBepAIeHHe: BBIITY KA oDOJIOYKAa KoMIakTa B E™

ABJIACTCH BBITYEJ/JBIM KOMITAKTOM.
PHCCI&-IDTPHM MHOAECTBO

G(x,z) = conv f(z, U, ;r)difcnnv{f ceE™| f=flz,u,z), uc U}




— BBINYKIYIO 060104Ky eexmopozpammst f(z, U, x) npasoit vactu cucremsr (1).
B nanbneiimenm npeanosaraercs, 9to pynkuua f(z,w, r) menpepeisua, a U7 —
KOMIIAKT €BKJHIOBA HpocTpaHcTBa. Toraa pekToporpamua f(z,U,r) — KoM-
nakt, a ((r,z) — BRINYKJBIH KOMOAKT B E™.

Onpeieny BUHAPHOE OTHOIIEHHE

xRy = Glz.z) DG(2'.2), V2 Z(2") C Z(2'). (2)

HuTyuTtueEHO $SCHO, 9TO 00BLeKT T obiaagaer OOABITHMH JHHAMHYECKHMH BO3-
f
MOXKHOCTHMH, YeM 00beKT T'. DT0 03HAYAeT, YTO VIPABIAS 00BeKTOM T, MOXK-
HO NOJIYYUTE Dojlee IMIHPOKOe MHOMKECTRO TPACKTOPHI, YeM VIIPABJISgs 00beKToM
1
T .

33. MaTtemaTtnyeckaa mofesnb onepauuu.

B srom u cnenyronem naparpadax uznaraerca noaxon H).B. I'epmeiiepa k
HOCTPOSHHUIO W HCCIENOBAHNIO MATEMATHUECKHX MoJenel onepauuil. 31eck co-
xpaneHsl 0bo3HaUeHHd, Hcnois30BaHHble B KHure K).B. I'epmetiepa.

Onepanusgs — 3T0 COBOKYIHOCTE MepONpHATHII, HANPABJIEHHBIX HA ITOCTH-
skerne HekoTopoil mean. COBOKYMHOCTE Jinl, (HJIH OJTHO JIHIO), CTPEMSAIIHXCS B
OIEPAIHH K MOCTABJIEHHOI [[eJIH HA3BIBALTCS onepupylouieti cmoporot. B onepa-
HHH MOTYT VYACTBOBATE APVIHE JIUIA, HAIPHMED DPOTUBHHKH, IPECIeTy OIIHe
coOCTBEHHBIE 116JIH, He COBNAIAIIINE ¢ [Ie/IbI0 OepHpYyomell cropoHnel. BuyTpn
onepUpyIomell cTOPOHL! BEIIEIAETCH JIHIO, HA3BIBAEMOE Ucciedosamencm one-
payut. Heenenopare/ s onepanui npecieayeT TV Ke [HeJIb, UTO H ONepPUpPY IOMIast
cropoHa. (QIHAKO, OH He NPUHUMAEST OKOHYATeIBHBIX pemrenuil. Ero 3amaua co-
CTOUT B (DOPMHPOBAHIN H H3YUEHHH MATEMATHUECKON MOIEIH OHEPAINH U BEI-
paboTKe peKoMeHIAIHIl o BeIOOpY criocobor JeitcTeuil (C‘-Tp&TE‘-[‘HH).

Onepupyomas cTOpPOHA IS JOCTUKEHHS [eJIN ONePAlNNd HCIOIb3YeT aK-
muensie cpedemea (pecypest). B KadecTBe pecypcoB MOTYT BBICTYIATH JIEHBIH,
CBIpbe, 3AIACKl IPOIYVKIHH H T.II.

Konumpoaupyemvie gaxmops. — 370 BeIHIHHE], BBIOOD 3HAYEHHI KOTOPBIX
onpegensieT AeficTeie ONepHPYIOMEedl CTOPOHEL B PACCMATPHBASMON ONEepAIiH.
O6br9HO MMeeTCs BEKTOP KOHTponupyembrx darxtopoB x £ My, 3mecs Mg —
MHOZKECTBO BCEBO3MOZKHEIX 3HAYEHHIT, KOTOPEIE BEKTOD I MOXKeT NPHHHMAThL B
npolecce MpoBeleHns onepamnuu. Beibop onepupyiomnieii cTOpoHON KOHTPOJIHPY-
eMBIX (PAKTOPOB 0OBITHO OCYIMIECTRJISeTCs BO BpemeHu. [Ipu sTom noctynatomast
undgopmanug o6 oOCTAHOBKE, B KOTOPOI MPOHCXOIUT OHEePAIHs, MOXKeT CyIe-
CTBEHHO PACHIHPATH BO3ZMOMKHOCTH BbIOOpA KOHTPOIMHPYEMbIX (akTopor. Ecau
BOOOIIEe HUKAKON WH(OPMAITNH He MOCTYIAeT WIH MOCTYIAKIIAS HHDOPMAITHT
HE VUHTBIBAETCH, TO ONEPHPVIONAS CTOPOHA MOXKET BeIODATH H PEAIH30BATH
nwoboii ektop * £ My, Bektoper ¥ € Mp Oyiem HA3BIBATH CTPATErHAMH-
KOHCTaHTaM#. PaccMOTpHM mpuMepsl.



Hexonwmpoaupyemuvie darxmops, 370 BeJINTHHEL, BJIHAIONINE HA HCXOJ Ollepa-
UK, HO BBIDOP 3HAUEHHI KOTOPBIX He HAXOIUTCH B PACHOPHIKEHHH ONEPHPY-
fomell croponsl. Hekonrponmpyemble (pakTophl jieiaTcs Ha HeonpedeaeHHble i
cayuatinsie. Heonpenenenubie (pakTopel 5T0 TAKHe HEKOHTPOJIHPYEMbIe (hakTo-
PBI, JIJIst KOTOPBIX H3BECTHA JINITH 00/IacTh UX BOZMOXKHBIX 2HadeHuil. [Tyers y —
BEKTOD Heolpege/leHHBIX (hakTopoB, iy = Np, rae Ny — MHOMKeCTBO BCEX BOBMOZK-
HBIX ZHadeHnil ayus y. OnHAKO, ONepUPYIONIAs CTOPOHA OOBIYHO MPEeINOJIATraeT,
YTO BEKTOD ¥ NPHHAJIEZKHT HEKOTOPOil obaacmu Heonpedeaennocmu N C Ny.
Hanpumep, npu aHajInze maxMaTHON DapTHH MOMKHO HCKJTIOUHTE 3aB€I0MO TUIY-
Mble X0/l TPOTHBHUKA. PHCK, cBa3aHHBIl ¢ npennogomkenneMm i € N JI0/KHA
B34Th HAa cebsa onepupyiomasa cropona. Heonpenenenneie hakTOpbI Je/19TCd Ha
CJIe Iy I0MIHe !

a) KOHTpOJTHpyeMble (DAKTOPBI IPOTHBHHKA (€ro cTpaTernn),

6) mpupoaHEIe Helpe e IeHHOCTH,

B) (DaKTOpBI, XapaKTePU3YIOIINe HesICHOCTD [eJIH ONepUpYIoIieil cTOPOHEL.

Caywatinse garmops. 3T0 cIydaiiHble BeJIMIUHBI, BJIHGIONIHE HA UCXOJ Ome-
parun. BekTtop ciayualtibx drakTopos obozHaqnm gepes z € Z. Ilyers # — 3akon
pacapenenenns g z. OH MoxKeT OBITH TOYHO He M3BECTEH, 4 H3BECTHO JIHNIb,
aro # € O. MuoxecTia © BCTpedYalOTCd ABYX OCHOBHBIX BHIIOB!

1) © = {6,, a € L}. 30eck THI 3aKOHA Paclipelie/leHIs U3BeCTeH (HOPMAJb-
HBI, SKCHOHeHITHAIBHBI | T.n.), HO mapaMeTp o, Onpele/JIaiolini KOHKPeTHBIH
3aKOH, TOTHO HE H3BeCTeH.

2) © =16, | a; < [a;(z)df(z) < @;, i = 1,...,1}. Tun 3akona pacupezne-
JIEHUS HEeH3BeCTeH, HO #3BeCTHEI OrpaHU'eHNd HA ero HHTEerpPAJIbHBIE XapaKTe-
puctukn. Hanpumep, ecmn z € FY, a;(z) = 2*, To © 33a1aeT orpaHudyeHns Ha,
MOMEHTbI CJIVYaifHOl BeJTHYHHBL Z.

Kpumepuii spperwmuernocmu. Vexon oneparnu 6yj1eM 0TOXIeCTRBISTE ¢ TPOIi-
Kol (x,y,z) € My x N x Z. Crenedb COOTEReTCTBHS HCXOIA OIMEPAITHH TTOCTAB-
JIEHHOIT 11eJTH 3a/Ja10T ¢ MOMOIIBI0 KpuTepus addekrupaoctu F (r, y, z) — QVHK-
i, onpegenennoit Ha Mg < N x Z. Kpatepuit adpekTHBHOCTH MATEMATHIECKT
3a/0aeT ek Onepariui. ByleM cauTaTh, 9T0 ONepupyomas 3anHTepecoBada B
yeeymuennn sHadenns F(x, y, z). [Ipumep xpurepus sddpektuBHOCTH — PYHK-
s BeIMrpeima F'(x, y) nepBoro urpoka B aHTANOHHCTHYECKOH Urpe.

Cmpameeus. Monens onepamun ucclemyercd 0 ee NpopeneHud. Dyiem
VCJIOBHO TOBOPHTE O MOMEMIE UCCACJOGAHUA, TTPEIMIECTBY IOMIeM HAYAIY Olle-



paltim:

HNEPOPMAIHA ¢ HEKOHTPOAHPYEMBLC
charTopax
HHH R -~
MOMEHT HASTaI0 KOHETT
HCCTenoBaHIA oIepPalHi OMepallui

Bo Bpemsg npoesieHus oneparii MocTyHAST HH(POPMAITHA O HEKOHTPOJIUPY -
emblx dakTopax. Hudopmayuonrnan sunomesda — 3170 TOYHOE OIICAHHE TIOCTYII-
JleHud 3Toit mHOpPMAITHH.

Crparerus 3To eibop 3HATeHU{T KOHTPOIUPYEMBIX (DAKTOPOB B 3aBHCHMOCTH
0T nocTyrnawpmeli HHPOPMAIHH 0 HEKOHTpoIHpYeMbIx (pakTopax. Maremarnae-
cku crpaterus 3anaercd dvakmueit ©: N x 7 — My, Ilyverse M — wmHOXKecTBO
cTpareruii, oTpedalomux HHQOpMAaHOHHON runorese. CTparerns BeIOHpaeTcsd
JI0 HAYAJIA OIEPAIMH B MOMEHT HCCIeIOBAHMS.

OkoHuaATEIBHO MOIe/Ib Oepallil 38 1aeTCH HaﬁDpDM 00 BEKTOB:

)

F(x,y,z), e My, yc N TNy, 2z £, 00O, rc M.

34. OueHka adpheKTUBHOCTU cTpaTerum /B TOM Yncne cMmewaHHon/ B onepauum.

Kak cpapaupars crparernn? Kakie cTpareruu B olepanuu cie/lyer cCauTaTh
ontumanbabiME! [Toxxon H).B.T'epuettepa coctrout B ciemytomenm. CHadasa nst
Kaxknoil crparerun r & M onpenenserca ouenwka sghexmusnocmu W(xr) na
OCHOBE TPHHITUIA 2apanmupoearHozo peayavmama. lo emeicny Wir) — mexo-
TOpas rAapaHTHPOBAHHAS BeJIUUHHA KPHUTEDH.

Onpedeaenue. Crparerus ©° = M HazwBaeTcsa onmumaashoi, ecm W(i) =
ey def
max W(x)=Fp(M). llocnennasa pelnunHa HAZBIBAETCH HOUAYUULUM 2aPAHMU-
= M
POBAHHBIM PEIYABITLATIIOM.

Brigenem dopmyay s onenkn apdekTusnoctn crparerun. Cnemraem cie-
nyomupe npegnoaoxkeansd. [yers y — aubo npupogHas HeonpeIeeHHOCTh, JTH-
60 crpaTerns MPOTHBHHKA, HEe BHAIMIEr0 PeATN3ANN CIyYaiiHof BeIMInHbl 2.
Hurepecsl npoTHBHUKA JTHOO NPOTHBOIOJIOKHE HHTEPECAM OMepHPYIONell cTo-
poHBI, 60 He u3BecTHEL OMepupyloas CTOPOHA pa3pellaeT ocpeHeHne KPH-
Tepud HoO cJIyYaiiHoCTdaM, T.e. HCHOIL30BaHHe OCPeIHeHHOrO KPHTepnd



F(z,y diffp Ly, 2)d6(2).
e

Torna onernka 3ppeKTHBHOCTH HMeeT BHIT

W) = inf jut [ F((0.2),0,2)d00) = inf nf T (1)
s

Hrak, cragasia npouzsoauTes ocpeaHenne kpurepud adgpdextusaoctu F (3 (y, z),y, 2)
1o #, a morom Gepercss HUKHAA IPAHb [0 OCTABINHMCH HEONPEIeJIeHHOCTAM |f U

. 310 npuMep MCHOMB30BAHKS [PUHIHIA FAPAHTHPOBAHHOTO peayiabTara. O1-
METHM, 9TO ec/id Obl MPOTHBHHK 3HAJ PeAJIH3AIMIO CIyUaifiHol BeIMIuHbL 2, TO
dopmyna g onenkn 3pderTuBHOCTH ObLTA OBI ApYTOL:

fea
Z

W'(x) = inf [ int F(&(y,z),y,z)d0(z).
yeN

HeficTBUTE/IBHO, B XV IIIEM CIYIae TPOTHBHIAK 3HAET CTPATETHIO T H B COCTOSTHUN
HaliTh in{_ F(#(y.z),y,z) npH n3BeCcTHOM eMy Z.
yEN

Iokaxkem, uTo
Wi(z) = W'(z).

Ilepelinem K ucnonb3oBaHH0 cMemaHHbIX crparTeruii. [Ipenmomorxknm, aTo
He OXKHIAaeTcd HHKAKON HH(pOPMAIINH O HEKOHTPOIHPYeMBIX grakTopax. B aTom
clydae olepupy IMas CTOPOHA HCIOJIEYeT CTPATerHi-KOHCTaHT & = = € M =
Mp. Ecoim manmyamuit rapaHTHpoBaHHBIN pe3vabTar Fp(Mp) ee He yeTpanpaer,
TO MOKHO HCIIOJIB30BATH CMeMaHHBIe cTpaTerun. HamoMHEM, 9TO cMenaHHAS
CTpATerfus © ecThb BeposTHOCTHOe pacnpenenenne Ha My, Onpemennm yemoBus
npuMeHeHHus cMemanHoil crparernn. K edopmyiHpoBaHHBIM BBIIIE TIPEIIONO-
JKeHHsAM J0OaBHM elle OHO: MPOTUBHUK He N0JIXKeH 3HATL peajuzanun r & My.
Torna onerka a3hpeKTHBHOCTH CMENTAHHON CTPATErHH © HMeeT BT

Wi(p) = inf inf//F(;r,y,z)dgn(;r)d@[z]. (2)

yeN 06
Z Mg

Ecin 61 NPOTHBHHEK 3HAJ PeaJH3AlN0 z, TO hopMyaa ObLIa ObI ApYyToi

W'(¢) = inf / inf /F[;r,y,z]dgo(;r]dﬁ(z].

8c0 | yeN
Mg

Bemnunna F, = sup W) aengerca HanmyuamimM rapadTHPOBAHHBIM Pe3VIb-

ee{w}
TATOM B CMEIIAHHBIX CTPATErHAX.



35. Bug Hauny4lwero rapaHTUpOBaHHOrO pe3ynbTaTa B crlyvae, korga Bo
MHOXeCTBe CTpaTerui cyllecTByOT aGCONIOTHO-ONTUMAaNbHbIe CTPaTeruum.

Sanaua noncka peanunibl Fp( M ) Henpoctas, NOCKONBKY OHA COCTOUT B MaK-
cuvmzarnn Wi(r) sa maoxKecTee pyvHKmui M. DTa 3agaua yuporaeTces, ecian BO
mMHOKecTBe crpateruit M conepkarcss afcoaomuo onmuMatbisie CMpamezuu.
o xonma sroro naparpadpa Oy gemM IpeIoIarars H3BeCTHEIM 3aKOH paclpe/jie-
JIeHHs cJyaaiaex (pakTopos #.

Onpedeaenue. Crparerust r, M HazpiBaeTcd abCOIIOTHO ONTHMAJIBHOIM,
ecu

F(ig,y.0) =maxF(z.y.8) ¥y < N.
o reM
Teopema 3.4. Ilyers cyimecTByer abCOTIOTHO ONTHMATLHASA CTPATETHS T, <
M. Torma x, — onTHMAJIBHAS CTPATETHS H
Fr(M) = inf max F(&,y.6).

yeN €M

36.BbiBoa HepaBecTBa FOr ?Fc ?Fu ? .[loctato4Hble ycrnoBusa paBeHcTB FOr =Fc u
Fc =Fu.

Teopema 3.5. CupapeliHBbl HEPABEHCTBA
FR<F.<Fg<F.

IIpennomoxum, uro enyaaiiaeii pakrop z orcyrerByer, Mg u N — napasiene-
[HTE bl €BKJINIOBRIX NPOoCTpaHcTe, a KpuTtepuit F'(x, y) nenpepwsiser Ha Mg x N.

Torna, ecin F sorayT mo x, To FY = F., a ecnn F apigeTcs BBITYKJIBIM 110 ¥,
To F. = Fj.

Ilyers cnyuaiinerii pakTop 2 orcyrereyer. PaccMoTpiUM HeNpephIBHYIO HIDY
I'= <‘-"L;TD,3\T?F[;E,y)>, B KOTOPOIi

FY = v = max min F(x,y), F. = max min / Flr.y)do(z) = v
r T xeMyyeN ( 'y]- we{e) vEN [ .y) '19( )
Mo

— 3HaAYeHHe Urpel, Fy =7 = ;1%1{1 ;Iél:ﬁi F(x,y). Tenepb BCce YTRepKIEHUS BhITE-
kator u3 Teopem 1.14, 1.15. Il

PesyneraTam gokazanHoil TeopeMbl MOMKHO TPHIATE WH(OPMAIHOHHBIH CMBIC]T.
Benmunay 1, = F. — F{! MOXXHO paccMaTpHBATh KaK NEHHOCTH HH(MOPMAIHH
NPOTHBHUKA O 3HadeHHH . Ilokaskem, 4TO eciim MPOTHBHHK 3HAaeT I, TO OIe-
pUpYyIoImAas cTopona obecreunBaet cebe pesyibrar FYY. Onernka sddexTipHOCTH
JII000H cMemaHHO CTPaTernu



Wig) = /min Flx, y)de(x)

yeN
My

He [PEeBOCXOIHT
max min F'(x, y) = FIQ.
zelMo yeN
IlosTomy B 9TOM ciIydae IpHMEHEHHEe CMEIIAHHBIX CTPATErHil He HMeeT CMBICIA,
a HCIOIB30BaHIe YHCTEIX cTpaTernii moseoyger noayunts Fy. Ecin, maobopor,
pean3alus 3HAYeHus T MPOTHBHHKY HEHM3BeCTHA, TO OMePUPYIONAS CTOPOHA
MOZKeT MOJIYYHTE pe3yistar F .. Ecnn kpurepnit F(x, y) BoruyT o o, To II; =0
U OPOTHBHHKY He HMEeT CMBICIA J00NBATHECA HH(pOPMAIHH O .

Anajornano sequnuuny Il = Fy — F. MOXKHO pacCMaTpPHBATE KaK IIEHHOCTH
uH(OPMAIIHE OTIePHPYIOTIeit cTOPOHBI 0 3HAYeHUH Y. [leficTBHTENBHO, €CTH WH-
dopmanus 0 HeolpeeleHHOM (QAKTOPE Y OMHIALTCH, TO ONePHPYIONAasd CTO-
poHa TmOojIy4aeT pe3ynabTar Fy., a B nporuBHOoM ciaydae — F.. Eenn kpurepnii
F(r,y) saBnsierca peimykaeiM mo iy, 1o I, = 0 # onepupyiomeli cTopoHe He
uMeeT cMbIcia qobuBarbed wHpOpMAHK ob .

37. Teopema 0 NpoU3BOAHOM NO HaNpaBfieHU (PYHKUMU MUHUMYMa U
BbITeKaroLllee U3 Hee Heobxoanmoe ycrnoBsue AN MaKCUMUHHOW CTpaTeruu.
Pacemorpum onepanmio 6e3 cayualiHbpix GaKkTOPOB H MHOZKEeCTBOM CTPaTernii
M = Mj. B sroMm ciyuae ontuManbHas crpaterns x° € My aBnserca Makch-
MHHHOI:

W(2°) = max W(z), te W(z) = min F(x,y).
€My yeN

Haiinem neobxommMble yCIOBHS IS MAKCHMHHHBIX cTpaTeruii m obcyamm
mMeToa, ux noucka. Heobxomumbie yeloBus OYAYT HCIONB30BATE (DOPMYJIY s
[IPOH3BOIHON 10 HANPABIEHHIO (DVHKIHH MUHHMYMa W (x).

HamomumM onpeneieHne MPOH3BOIHON 0 HANPABIeHHO (DYHKITHH MHOTHX
nepemerHbx. IIveTs B eBKIIIOBOM mpocTpancTee E™ 3anana pyukmus hir).
Bozsmem BekTop v € B, 3ajiaommii Hanpasjienne B E™.

Onpedeaerue. Bennunaa

hiz+za) — h(zx) def dh(x)

li
111 da

g—+0

iy

Ha3bIBaeTCHd NPOU3BOAHON QVHKIUK /i 1) 10 HAIIPABJIEHHUIO (v B TOYKE T
Kak m3BecTHO 3 Kypca MATeMATHUYeCKOro aHAIN3a, ecid (pVHKIHS fx)
gudpdepenrupyema B ™, To



dh Zcr h — (a, b ()

— CKaJIpHOe IIPOH3Be/IeHne BeKTopa o Ha rpaguent h'(r) B Touke .
Oyuxuusa h(r) moxker He 6biTh muddpepenmupyemoii B Touke V., HO HMeTh
B 9TOH TOYKEe MPOU3BOIHYIO [0 HAIPABJICHUIO.

Teopema 3.6. Ilycte © € D © E™, rne DD — oTkpbiTOe MHOMecTBO B E™,
a y npuHALIexRuT MerpuueckoMy kommakty N. Ipemmonoxum, aro dyHKImN
F(x,y),F, (x,y), i = 1,...,m onpenesnensl u Henpepeisubl Ha D x N. Torna B
noboit Touke x € D no joboMy HanpapileHuoo « € E™ cymecTByeT NpoOH3BOI-
Hadg pVHKOUH MuHEMYMa W (r), KoTOpas uMmeeT BHIT

AW () N
Tda AN & ) .

rae N(x) = ArgminF(xr,y).
yeN

Caedemeue meopemu 3.6. Ilyers My — BemyKibii kKomnakT B E™, a L(zY)
— MHOKeCTBO JIOIYCTHMEIX HanmpagieHnii B Touke 2 € My,
e ¥ ¢ My — makcummnnas crparerus.. Toraa B yejpoBusix Teopembl 3.6

BEIINIOJIHEHD CJIe 0V ollee HEDﬁXD,E[IfIMDE'! VCJIOBHEe!

sup  min Z oy F. ,y) < 0. (4).

acl(z0) VEN (=)

38. Heobxoanmbie ycnoBmus onTUManbHOCTU ANt MAKCUMUHHOW CTpaTermm u3
oTpe3Ka U crneacTBUS.

Teopema 3.7. Ilycrs dyukmun F(z, y), FL(x, y) HenpepbIBHBI Ha MHOKeCTBe
D x N, tne D — unrepsan, conepxkamuii orpesok My = [a,b], a N — koMuakT
MeTPHIecKOro MpocTpancTsa. Torma Juis MakcHMEUHHON crparerun x” € My
BBINOJIHEHO XOTH OBl OJHO U3 CIEIVIONINX TPexX VCIOBHIL:

a) 2" = a nmm 2% = b;

6) maiimyres ¥t # y? € N(2") = Argmin F(x, y):

yeN
B) N(z%) = Iyt u F/ (2% y') = 0.

SJamevanue. Teopema obobmaer HeoOXOMUMBIE YCJIOBHSA JJIsl TOYKH MAaKCH-
myma U auddepenmupyemoii GyrKIun Ha orTpezke: jmbo Touka U gpisercs
KOHIIOM OTPe3Ka, JIH00 Ipon3BoHAst (GYHKIME B TOUKe T PABHA HYJIO.




Caedemeue. Ilyers B yonoBusx teopemst 3.7
N — g = " T .o = 1
N={ycE"|¢;<y;<d;, j=1..n}

— mapaJiieJIelume;  eBKJIHI0Ba npocrpadcTea E™, B moboil Touke KOTOpPOTO Cy-

MIECTBYIOT TPOU3BOTHEIC Féj (z,y), 7 =1,....n. Torna gna maxcuMmunnoii crpa-

reruu 1° € My = [a, b] BemOTHEHO X0TS GBI OMHO U3 CIEIYIONIX JBYX VCIOBHIL:
1) Jyr eN(2):

39. MpuHuun ypaBHmnBaHus Nepmenepa.

B sTom maparpade MBI pacCMOTPHM HEKOTOPBIE 3aJa9H ONTHMAJILHONO Pac-
npegeeHusd pecypcoB. ByayT cchopMynnpoBaHbl VCIOBHS ONTHMAJTBHOCTH, A
TAKJKe VKAZAHBI AJITOPHTMBI MOUCKA ONTHMAIBHBIX Paclpere/leHuii pecypcos.

[Iycrei = 1, ...,n, — HOMEpA 1 MYHKTOB, [0 KOTOPBIM OMEPHPY IOMIAsA CTOPOHA
pacupenensier pecype. Yepesz f;(t) obozHadnm ¢VHKIHIO, ONpeIeIsionyio ad-
deKT oT BIOKeHHS pecypca B KojudecTie t B i-if yHKT. BekTop o = (1, ..., Ty )
3a/aeT CTPATernio pacupeienenud pecypca. [Ipu sToM Ha i-if IYHKT HAIpPaB/IA-
eTcd pecypc B KOJIHIECTBe ;.

Byvaem paccmarpuBarTh J1Ba BHIA 3a/ad: HElPePhIBHEBIE, [Jle pecypc Hpeo-
Jaraercs OeCKOHeUHO-IeJIHMBIM, U JUCKPeTHBIe, e pecypc — mTYy4HbI, a A
u r; — uensle gnciaa. Ins HenpepwIBHON 3aja9i MHOXKeCTBO cTpaTeruil umeer
BILIL

My={z€E"|) x;=A 2; >0, i=1,..n}
=1

a a1 JUCKPeTHOH —
n
My={z€E"| Y mi=A 2,20, z,€2Z, i=1_..n}
=1

e Z — MHOXKECTBO I[eJIBIX YHCeL.



PaccmorpuM eie 1y o1y 10 HeIPePLIBHYIO 38189y :

. ; 0
max min fi(z;) = min fi(z;). (1)
zelMp 1<i<n 1<i<in
IIo emblcay OMEPHPVIONIAS CTOPOHA CTPEMHTCS MAKCHMU3HPOBATE CBEPTKY BH-
Ja min fi(x;), T.e. MEHEMAJIBHBIH 2heKT 0T B/IOKEeHHs pecypca. DTO OTBeda-
1<i<n '

erT COHAJTHCTHIeCKOMY NpHHIHNY: "urobbl He ObL10 Oemabix". MakcuMuHHY O
crparermio = GymneM HAZBIRATL ONIMUMAALHBM PacnpedeseHUuem pecypca.

Sanaqay ([ ) Oyaem paccMaTPUBATEL B MPEINOJIONKEeHIT, 9T0 Bee (pyHKmn f;(1)
HelpepeIBHBL 1 Bo3pacraloT Ha orpeske [0, A]. Kpowme toro, 6e3 morepn obmHo-
cTr OylIeM CUHTATH, ITO

Byem yeioBHO roBopuTh, 9TO HEepBEIil NYHKT gpsiercd ciabetiinmmm: ecim myHK-

M,

TaM He BBIIEJIsIeTcs pecypc, To 3heKT Ha IepBOoM MYHKTe OV IeT HANMEeHBIITHM.

Teopema 3.8. (npunuun ypasaupanusa FO.B. Tepmetiepa). B caenannbix
NPEJIIOIOKEHHIX IYCTh 'V — ONTHMAJBHOE PACIpejIeJeHIe pecypca B 3ajatde
(I). Torma ans x° BemonHeHo creMyomee HeOOXOHMOE H JIOCTATOUHOE YCIOBHE:

Halinercs Takoe mnejgoe k, 1 < k < n, uro

fi(29) = fe(z)) < fry1(0), i =1,k — 1,
=0, i=k+1,..,n.

I3

(1)

Ecin f1(0) = f2(0) = ... = f,(0), o k = n. Bo Bcex cayuasx onruMajibHOe
pacIpegeseHne pecypea r° eJIHHCTBEHHO.

Jamevanue, ONTHMAJTILHOE pacHpele]leHHe pecypca MPenoiaraeT ero Bbl-
JeJIeHHe HeCcKOJIbKHM cJIabbIM MYHKTAM € BbIPpABHHBaHHeM 3 peKTa Mo 3THM
Ty HKTAM.

PaccmoTpum anropuTM NoHcKa ONTHMAJBHOTO pacnpenenenns pecypca. be-
peMm nocaenopareabHo k =mn,n — 1, ....1 u pemaem cucremy ypapHeHHId

filzy=Coi=1,. k 22 =0, i=k+1,..n, ZIE =A (3)
i=1

oTHOCHTeTbHO HenzecTHBX C, 27, ..., ¥ . By nojmydensoe pemenue uMeeT HeoT-
pHIATETbHEE KOMIOHEHTHl . U IpH k < 7 BBHIIOJHEHO HepapeHCTBO C <
fr41(0), To 2° — onTEManBHOE pacmpeneneHme pecypca. B IpoTHBHOM ciryuae

VMeHbIIacM IHAYEHHE k 1 BHOBDL pelnaen CHCTEMY.

TT




40. YcnoBusi onTUManbHOCTU U anroputTm gnd 3agaydn oUCKpeTHoro MmakCMMuHa.

Hepeﬁ,n;em Telnepk K 3alade THCKPeTHOMO MaKCHMHHA.

. . # !
max 1mn L0 ) = 11 ;). 7
max min fi(r:) = min fi(z]) (1)

3neces f;(t) — pogpacraponime QYHKIHMH 11000 APIY MEeHTA.
Monozum [ = {1,...,n} n gua x € My onpenennm MHOXKeCTBO

I(z) = Argmin f;(x).
il

O6oznauum uepes |I(x)| uncio snemenTor MHOXKecTBa [ ().

Teopema 3.9. Ilycre " — Takoe OOTHMANBHOE paCHpele/eHHE PecypcoB
sanaan (1), npu koropom Bejmuusa | I (" )| MUHIMAIBHA CPEIH BCEX ONTHMAb-
HbIX pacnpenenenuii. Torga HeoOXOIHMO BBINOJIHEHO VCIOBHE!

ecaun x; >0, To 115113;; filxy) = filz; —1). (3)

Yenosne {3) ABJIACTCH NOCTAaTOYHBIM VCIOBHEM ONTHMAJBHOCTH.

Jamevanue. Yepopue (3) nokaselBaeT, YTO IPH HOJI0KHTEIBHON KOMIIOHEHTE
*7 BeNHIHHA fj(;r;‘) OIHM3KA K lrél_ijzl filx?). 9TO nUCKpeTHBIN aHAJOr IPHHIAIA
VPABHHBAHUS. ==

PaceMoTpuM ajJropuTM MOHCKA ONTHMAIBHOTO pacnpemesenus sagauan (1)
I[Tycrs 'Y — npomnzsoasroe pacnpenenenue pecypca. JIOmyeTiM, 9T0 AIrOPHTM
npopabortan a0 k-ro mara u Mbl noayumta pacnpenenenne %) Ecan nua x(F)
BBILIOJIHEHO yey1oBHe (3), TO no Teopeme 3.9 0HO U 6y AeT HCKOMBIM OITHMAJIBHEBIM
pacrpenenenneM. Jdomyernm, uro mia %) yenopne (3) we Brmommeno. Torma

Haitnercs takofi Homep j, 9TO ;I.'E?.k'II >0wm fi(o} —1) > 111.1i1_1 filz?). Onpenemim
<i<n

noeoe pacnpenerenne =¥t = 2 kak 3T0 cenaHO B NOKAZATEIBCTBE TEOPEMEI
3.9. IIpu sToMm HyzkHO 3amMeHnTE 2+ Ha %) MoryT BOHHKHYTE JBA CJIy9asi:
1) I(z*)) = {I}. Torma
: (k+1) : k)
min f;(r;” ") > min f?;(-.rz'; ).
1<i<n 1<i<n
2) [I(z'*)| > 1. Torna
: (k+1 : (k & _ :
min fi(z{"™) = min fi(=z{"), no [[(z*+D)| < [1(2*))).
1<i<n 1<i<n
Taknm oOpazom, Ha KasKJIOM IIare ajropuTMa Judo yBeTHYHBAeTCs 3HAUE-
rre QYHKINE MIHIMYMa, Ju60 cokpamaerca MEozkecTBo I (%)), Orciona cie-
JIyeT, 9TO AJITOPHTM 3aKOHYHT paboTy depe3 KOHeTHOe THC/I0 IIAroB, MOCKOJIBKY
mMHOZKecTBO M) coepsKUT KOHeYHOe YHCI0 3/1eMeHTOB.



41. lemma N'nbbca. 3agavya nomcka obbekTa.

PaccvmoTpum eme ojjHy HeNpepBIBHY O 3aJ1aMY

T T
(0]
max E filz:) = E filzy). (L1)
My £ -
‘.‘,:1 'Z-:l

IIpumep unrepnperanun 2anadu. Hasectop pacnpenenrser kKanuTtaia A 1o n mpo-
ektaM, rae f;(t) — npubeLib, Moy YaeMasi OT BJIOKEHHs! KAIINTA/1a t B i-1 IPOeKT.
B ornmmane ot zanaun (), dyekmoun f;(t) HeobazatensHo Bozpactatomme. [Ipen-
1oJ103KuM, uTo o gucddepenaupyemsl Ha orpezke [0, A].

0 _ ONTHMAaJIBHOE paclpeleleHne

Teopema 3.10.(/Iemma 'u66ea). Iyers x
pecypca B 2anade ([]). Torna Halineres Takoe 9HCI0 A, UTO BBIINOJTHEHO CJIETY-

oimee HE‘-DGXD,I[HMDB YCIoBHE!

ff[;t.‘[-):l = }u? T
fl[;?1.‘[-’1] <\ x

0 -
i > 0.
]

I3

(1)

Ecnn dyakmun f;(t) porHyTel, To (1) sBISeTcs MOCTATOUHBIM VCIOBHEM
onTuMabHoCcTH. Eenn nonoganTensbHo H3BecTHO, 9T0 GQVHKIHN f;(1) ABaZ LI
mudbbepeHITHpVeMbI 1

F1(0) > f3(0) > . > f1(0), f/(0) <0, i=1,....n.

To Halimercd Takoi Homep [, 4TO

2V =0, i=1,..0L 20 =0, i=1+1,...n

ITpumep. 3anaua noncka obbexTa.

ObbeKkT npaveTcs B n BO3MOKHBIX 0byiacTax ¢ Homepamu ¢ = 1, ... n. Ec-
JIH OH HAXOJHTCS B (-0 006/IacTH W TOHCK B Hell BeJeTcd B TedeHHe BPeMeHH
t, TO yCJIOBHAH BEpPOATHOCTL ero obHapyzkeHus papha 1 — e #if e p; > 0.
O6o3zHAYIM Uepe3 p; HIBECTHVIO ANPHOPHVIO BEPOSATHOCTL HAXOMKIEHHS 00beK-
Ta B i-if obactu. Ilvers A — obmiee Bpems noncka obbekTa. CTpaTerus MmoHCKa
T = (T1,.... Tn) € My 02HA"AET, 9TO 00BLEKT B 00JIACTH i UIETCA B TeUeHHe Bpe-

T
menn ;. Torma > pi(1—e #%) — nojnras pepositHOCTE 00HADY KeHHs 00beKTa,
i=1
KOTOPY0 HeOOXOIUMO MHHUMH3HPOBATE.




42. Kputepum Npocca n anroputm AnNA 3aga4vv BbINYKSOro LefI04NCIIEHHOro
nporpamMMmMpoBaHus.
Paccmorpum nuckperHbiit anasor 3agaun (1) :

max Zfz ;) Zﬁ, ! (11

3nece fi(t) — Bozpacrammnine pYHKIUH 11010 aprymedta. Ilvers, Kpome Toro,
BBITIOJIHEHO CJIe/VIONee VCI0BHe BOMHY TOCTH:
econ x; > 0, 1o fi(r;) = 0.5(fi(x; + 1) — filz; — 1)) nnn

file;) — filzs — 1) = filzy + 1) — filzs). (1)
Hepagencreo (1) 03HAYAET, 4TO PA3HOCTHL MeXKIy 3HAUeHHAMH byHKIHH f; B
COCETHHX TOTKAX HE BO3DACTAET.

Teopema 3.10. (Kpurepnii I'pocca). B caenanubx npemnofoxeHnsx mycTsh
!
T — onTHMaJbHOE pacrnpeienenne pecypca B 3anaqde ([[)'. Torma nns x* Bei-
MIOJTHEHO HeoOXoIHMOoe U TOCTATOUHOE VCIOBHE:

x> 0= fj(zj) - f;(zj — 1) = max [fz(r +1) = filz7)]. (2)

< 'Z



